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This tutorial notes is a supplement to the course PHYS3033 General Rela-
tivity on a more detail and mathematically flavored introduction on differential
geometry of real smooth n-dimensional manifold. The first section is a review
on the basics of a smooth manifold, including tangent and cotangent spaces in
the form of differential operators and differential forms, tensor bundles, tensor
fields and their local index representation as well as the rule of transformation.
It is followed by the second section, which is the main focus of this notes, dis-
cussing the differential aspect of geometry in the language of a tensor operator
known as the connection or equivalently, the Christoffel symbols. Topics such as
covariant differentiation, horizontal vector fields, parallelism, and geodesic are
described. The concept of torsion and curvature in both operator and tensorial
form are defined, some of their algebraic and differential properties are shown,
and the Ricci tensor and scalar curvature are derived from the curvature, which
is essential in the study of relativity, since they help defining the Einstein ten-
sor in the gravitational field equation. Finally, the third section of Riemannian
geometry is a study of length and angle measurments on (the tangent space of)
a manifold in the language of a (pseudo-) metric. Its implication, namely the
unique Riemannian or Levi-Civita connection, on the geometry of the manifold
is mentioned. The section will end by a simple illustration of the metric and
the geometry of the sphere S? in R3. [1, 2, 3] are standard reference texts for a
more complete and general understanding on differential geometry.

1 Differentiable Manifolds

The objects studied in differentiable geometry are smooth manifolds, for exam-
ple a sphere, a torus (do-nut), a saddle or a hyperboloid. Before we could inves-
tigate the geometric characteristics of these objects, we would need to develop
a rigorous language describing a manifold. Like most objects in mathematics,
manifolds are sets. For instance, the 2-dimensional unit sphere embedded in
our 3-dimensional space is the set S? = {(x, y,2) 22 +y?+ 22 = 1}. In order
to discuss the shape of a manifold, it is assumed to be a topological space. For
example, the open sets of the sphere S? are in the form = Qy N'S?, where Qg



is an open set in R3. For a quick review on the basic of topology, the readers
are referred to the standard undergraduate textbook [4]. In general relativity,
we rarely have to worry about the topology of space-time since the emphasis
is on local properties (like curvature) and a local domain is usually topological
trivial (except around a singularity like a blackhole).

Obviously, a manifold should be able to be characterized by its dimension.
For example, a sphere, a saddle and a torus are of dimension two since they are
surfaces. Any curves are 1-dimensional manifolds. The space-time manifold is
of dimension four. Dimension is a concept originated from linear algebra, where
the objects of consideration are vector spaces such as the linear spaces R™. In
geometry however, manifolds are curved space. Binary operations like vector
addition or scalar multiplication are not built-in properties of a manifold, and
hence it lacks the concept of a basis. To generalized the notion of dimensionality,
we first have to visualize a manifold locally as an open domain inside a linear
space of the same dimension. Take the sphere again as an example. We may
project the upper sphere Si = {(m,y,z) €S?:z> 0} onto the flat zy-plane
by the bijective bicontinuous function (homeomorphism) Si — D? mapping
(,9,2) — (x,y), where D? = {(m,y) cx?+y? < 1} is the unit disc. This
projection is a visulization of the curved upper hemisphere as a flat disc. In
other words, we need a coordinate system to describe a manifold. However,
there may not exist a coordinate system that can cover the whole manifold due
to some topological reasons. For instance, the sphere S? could not be visualized
by a single coordinate system. The largest covering area is the stereographic
projection which includes the whole sphere except one point. Thus in general,
we usually need more than one coordinate system to parametrize a manifold,
each system is defined on a open patch on the manifold, and the collection of
all coordinate systems covers the whole sphere. The mathematical definition of
a manifold is defined in the following.

Definition of a topological manifold: A topological space M is a (real topo-
logical) manifold of dimension n if there is a collection of homeomorphisms
{z;j : U; — 2;(U;) S R"}, where U; are open sets in M such that the col-
lection {U; }; covers the whole topological space.

Each coordinate system x; : U; — R"™ is called a chart, and the collection of
charts {x; : U; — R"} . is known as an atlas.

Of course, it is possible for a local domain to be parametrized by more than
one chart. For example, the right hemisphere S%, = {(a:, y,2) €S? 1y > 0} could
be parametrized by the coordinate charts p : (x,y, 2) — (x,2) and s : (z,y,2) —
(0, ¢), where 6, ¢ are angles in the spherical coordinate system, i.e. § = cos™! z
and ¢ = tan~!y/z. The coordinate transformation between two charts is
called a transition. In this case, transitions are the homeomorphisms p o s~! :
(0,7) x (=7/2,7/2) — D? mapping (0, ¢) — (x,y) = (sinf cos ¢, sin O sin ¢) or
its inverse sop~! : (z,y) — (0,¢) = (cos™! /1 — 22 — y2 tan~! y/x). Note that
all transitions are maps between flat domains, and since charts are assumed to
be homeomorphisms, all transitions must also be homeomorphisms. Differen-
tiability of a manifold is defined by the differentiability of the transitions.



Definition of a differentiable manifold: A (real topological) manifold M
is said to be differentiable or smooth if it is equipped with an atlas
{z; : U; — 2;(U;) € R}, such that all transistions ¢} = mioxj_l sz (Uin
U;) — z;(U; N Uj) are differentiable for non-empty U; N U;.

The corresponding atlas is called a differentiable structure of the manifold. Here
like most textbook on differential geometry, differentiability and smoothness
means the capability of differentiation for an indefinite number of times.

No matter in physics or mathematics, eventually we want to study functions
on differentiable manifolds, such as the energy density distribution in our curved
space-time, which is a real-valued function on a manifold. In most situations,
we would expect the maps we encounter are smooth or differentiable (or at least
mollifiable by differentiable approximations). A real-valued function f : M — R
on a smooth manifold M is said to be differentiable if for any chart z; : U; — R"®
of M, fo x;l : 2;(U;) — R is differentiable. A function between manifolds
f: M — N is said to be differentiable if for any charts z; : U; — R™ and
yj + V; — R™ of M and N respectively, suppose f(U;) N'V; is non-empty,
yiofoxyt (U0 f7HV))) — vy (f(U;) NV;) is differentiable. A bijective
bi-differentiable map between manifolds f : M — N is called a diffeomorphism,
and in this case, the manifolds M and N are said to be diffeomorphic, denoted
by M ~ N.

1.1 Tangent and cotangent Space

The tangent space of any point on a sphere can be easily found out by using the
normal of the sphere at that point. The tangent plane would then be the plane
of the same normal containing the particular point. However, this conventional
concept of tangent space is not useful in general relativity or instrinsic geometry.
The existence of normal vectors is a result from the fact that the sphere is
embedded inside a larger space, namely the 3-dimensional Euclidean space.
Einstein theory of relativity does not assume our space-time to be a subspace
of a larger dimension object, and hence a normal is not inherited as in the case
of a sphere in R3. Besides, tangent space is actually an intrinsic property.

Suppose there is a smooth curve « : (—e,¢) — S? parametrized by time
t on the unit sphere. A tangent vector of the curve at the point zy = «(0)
could be the differential ¢:(0) = %2|,_,. Suppose there is a coordinate chart X :
(x,y,2) — (u,v) around zy. Without loss of generality, assume X (zo) = (0,0)
Then, « induces a curve & = X o« : t — (u(t),v(t)) on the flat space R%. By
chain rule,

71 ~
Oé(O) = d)(d%h:o - %|t:03uX71|u:v:O + %h:Oainl'u:v:O;

where % lt=0, %hzo are real numbers and 9, X | ,—y—0, 9y X ~!|u=v—0 are tan-
gent vectors. Since all tangent vectors must be in the form of A9, X ~1|,—y—0 +
B, X ],—y—0, where A, B are real scalars, and the (affined) tangent space at
g is the span of {9, X !u=y=0,9vX 'u=y—0}. Since the tangent space is of



dimension two, 9, X ~!|u=y=0, X ~|u=v=0 must form a basis of the tangent
space.
To generalized a tangent space to an intrinsic concept, we could replace
X Yymv=0,0uX "t uzv=o by the differential operators Oz, Op|z, TeSpec-
tively, and the (generalized) tangent space is the span of the differential op-
erators. (For a rigorous definition of these differential operators, please refer to
the Appendix.) The linear independence of Oy |z, Oy|z, can be checked easily.
Moreover, we do not have to worry whether this definition of tangent space de-
pends on the choice of coordinate charts or not. For instance, if there is another
chart Y : (z,y, z) — (u/,v’) around z, then by chain rule,

0
B 72 = Gyl gy lze ¥ yrlza gyl
0
Bz = Gy lngylze Y Glngylz
And hence, span {6U|LO, av\ﬂ} = span {Bu/ |z, O |ﬂ}

So in general for a smooth manifold, the definition of tangent space at a
point is described by the following.

Definition of tangent space: For M is a smooth manifold, p is a point in

M, suppose z = (x!,...,2") : U — R" is a coordinate chart on a neigh-

bourhood of p, the tangent space at p is defined to be the vector space,
) E)

T,M = span {Wh’v N |p}.

(Again, for a rigorous definition of the differential operators, please refer to
Appendix.) If a: (—€,e) — M is a curve on a smooth manifold M, p = «(0),
x=(z!,...,2") : U — R" is a coordinate chart on a neighbourhood of p, then
the tangent vector of « at the point p = a(0) is

. dx o 0
a(0) = 2% o),

where Einstein summation notation is adopted for j running from 1 to n. And
this definition is independent from the choice of coordinate charts. Suppose
there is another chart y = (y!,...,y") : U — R™. By chainrule, fori =1,...,n

o,  0x/ 0
ayi P Tyi‘p@b

(see Appendix). And hence, the tangent vector of the curve « is

. daz o« 0
a(O)— |t Oa ]‘

d(z/ oy~ loyoa) 0 S dy o o
= a \t:ombzai(xjoy Dy) === 0527 =l
dy oa| | dy’ oa| 6 b

t=| an p — t= Oa A




lt=0 = dy’ =gy 8y
travariant rule of transformation of a tangent vector (contravariant vector). By
writing #’ = y, a tangent vector X, at the point p can be written as the following
forms.

dz?oa
d

or equivalently Similarly, we obtained the con-

; 0
X Xpaz

4 Oz g 9 13 9
=Xy ox' |p8x’ﬂ b= P 9t b

where X'/ = X, ga],

Suppose Visa real vector space with a basis {e1,...,e,}. The dual space
of V, denoted by V* is defined to be the space of linear functionals L : V' — R.
For j = 1,...,n, we could define the functional e/ : V' — R mapping v + v/, for
any Vector v =1’e; in V, where v’ are real scalars. In other words, e’ (e;) = 6]
Then, every functional L : V. — R can be expressed as L = L(e])e] since
for any vector v in V, L(v) = L(vie;) = L(ej)v? = L(e;)e?(v). Therefore,
the dual space V* is the span of {e',...,e"}. Clearly, €',... €™ are linearly
independent, and thus form a basis of V*. This basis is called the canonical
basis of the dual space with respect to the basis {e1,...,e,} of V.

The cotangent space at a point p of a smooth manifold is defined to be
the dual space of the tangent space T, M, and is denoted by TyM. Suppose
r=(2',.. .2 ) U — R"™ is a coordinate chart on a neighbourhood of p, then
{8%1|P’ ceey BM } is a basis of T, M. The canonical basis of Ty M is denoted

by {d:txl), .. dx”} This means d:vJ (% ) = 55. There is one remark about
dual spaces. The dual space of V* is V itself, and hence the dual space of Ty M
is T, M.

Now, suppose there is another coordinate chart ' = (2'%,...,2'™) : U — R™.
We have another basis { 5077 | p} of T, M, and its correspondlng canonical basis

{dxg }j of Ty M. For any tangent vector X, in T),M, for j =1,...,n,

. _ 1j
) = e, (X500 ) = X0 = Xy = x5,
Since X! = dxl(X,), we have
ozl

dx/;(Xp) Oz |pd$ (Xp),
in other words, we obtained the chain rule of the differential form

dz'? = ek

P i

If wy, is a cotangent vector (covariant vector) in Ty M, it can be expressed in
either coordinate systems as the following.

lpday,.

Oz’

7 13 _ 7
wp = w'pda’y, =w'y —— e |pda), = wy,dx),,

7 oz
where wp, = w'p; G

p, Which is the covariant rule of transformation.



Suppose V and W are vector spaces with bases {e1,...,en}and {f1,..., fn}
respectively. Their tensor space is defined to be the real vector space V@ W =
span{e; ® fj:i=1,...,m,j=1,...,n}. Hence, V® W is of dimension mn.
The tensor product @ : V.x W — V ® W is defined to be the multi-linear (but
not linear) function mapping (v, w) — v@w = viwle;® f;. By iteration, we may
define the tensor space V; ® ... ® Vi of k vector spaces, and the corresponding
tensor product (v1,...,v;) — v1 ® ... ® vg. Applying the definition of tensor
product, we may derive from the tangent and cotangent space, the tensor space
@M@, TyM =T,M® ..  T,MRT,M®...0 T ;M.

s r
A vector inside the tensor space @1, M @, T;‘M is in the form of

Under a change of coordinate x — 2/, the chain rule implies

T :T‘]l‘]s - e dxir
P pll...l.,- 65(:]1 |p ® ® p
) ) 11 g i1 T
_ s 02 O, Ot O O o g det
Piveviv gugn P77 Qaeds P 9tk P77 gtk P 9t P p
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= Do g p®...0dd,",

s o jiegs 921 dz'ls | 9zt dx'r
where Tpklmkr = T3, 3 Bam o Bare lpgamr lp - - o |-

After discussing tangent and cotangent spaces, let us turn to functions be-
tween manifolds, and see how they induce maps between tangent spaces. Sup-
pose f : M — N is a differentiable function between smooth manifolds, p
is a point in M, V is an open domain in N containing f(p), U = f~1(V),
r=(z',...,2™) : U — R™ is a chart of M, and y = (y,...,y™): V — R"
is a chart of N. Then, the map F : yo foz™! : 2(U) — y(V) is a differen-
tiable function between flat spaces, for which z(U) C R™ and y(V) C R™. Let
F = (F!',...,F"), where F! ..., F" are real-valued functions, the differential
of F at z(p) is a matrix

NF o)y OmFagp)
dF|r(p) = : :
NF" oy - OmF" |z

nxm

which may be viewed as a linear map dF|,,) : R™ — R" mapping v = vie; —
dF |,y (v) = v'0;F7¢€ j, where {e;}, is the usual basis for R™ and {e';}; is the
usual basis for R™. Using this, we may define a linear function fi, : T,M —
Ty N such that for any tangent vector X, = X;%h,,

o 9
fepXp = XéaiF”z(p)aT/jlﬂpy



By chain rule, one may straightforwardly check that the definition of f,, is
independent from the choice of coordinate charts x and y. This linear map
Jip : TyM — Ty N is known as the differential or push-forward of f at p.

Let a : (—e,€) — M be a curve on M that generates X, at a(0) = p, i.e.
&(0) = X,,. It induces a new curve § = foa on N. Then,

. - 0
fap(@(0)) = fu, Xp = XpaiFﬂlx<p>@|f<p>

dx oa ditoa, O(ylof) O
= li=00i(y’ o foa™ )|x(p)ay]|f(p) =0 g |p@|f(p)
_dyofoa dy’ o 8 9 _
=g = oayj|f =g = 08y3| () = B(0).

The differential can also be extended to the linear map between tensor spaces
Jip : @ TyM — @, T} ,) N mapping

Xp®Yp,®...02Zp = fi, Xp® [, Yp ®...® fup, Zp

The differentiable f : M — N can also induce a linear map f* : ( )N —

Ty M (beware of the order) known as the pull-back of f. The definition is for
any cotangent vector wy(, in T;(p)N , the pull-back map this to the cotangent

vector (f*w), in T, M, which is a linear functional mapping

Xp = ([T w)p(Xp) = wrp) (fep Xp)-
By using the definition of the push-forward of f,

4 . 9
(fw)p(Xp) = wip) (fepXp) = wrp) ;A7) (XpaiFkh(p)aka(p))

= Wit Xp0i ™ o) Ay} ) (a k|f(:0)> = wyp) Xp0i " o) 51
= wi(p); XpOiF |a(p) = Wi(p) j0iF Loy (X5p).
In other words, the pull-back of wy(,) is
(f'w)p = wi(p) ;0iF Loy da,-

Similarly, the pull-back f* : @15, )N — ®,1" *, M can also be defined on
tensor spaces mapping

W) ®Epp) @ -+ @Yy = (ffw)p @ (fE)p ® ... @ (f ).

Their is one remark about the order of composition of push-forward and
pull-back. If f: M — N and g : N — K are differential functions between
smooth manifolds, then for any point p in M, (gof)*p = Guf(p) © [+p Dut
(go f)* = f* og*. The difference in ordering of composition is the distinction



between contravariant functors (e.g. push-forward) and covariant functors (e.g.
pull-back) in categorial algebra.

Lastly, may be not in the content of the general theory of relativity, the
concept of a submanifold is commonly encountered in many fields in physics,
such as the Liouville’s theorem of an integrable classical mechanical system,
some constraint problems in Statistical mechanics and quantum mechanics. A
differentiable map f : M — N between smooth manifolds is said to be an
immersion if for any point p in M, the push-forward f., : T,M — Ty, N is
injective. (As a direct result, N must be of larger dimension than M.) f: M —
N is said to be an imbedding if it is an injective immersion, and is denoted by
f: M — N. In this case, M (usually treated as a subset of N) is called a
submanifold of N. For example, a sphere, a saddle and a torus is a submanifold
inside R3.

1.2 Tensors

The tangent and cotangent bundle of a smooth manifold M is defined to be
the disjoint union of tangent and cotangent spaces over the whole manifold
respectively, and are denoted by

™ = | T,M, T*M= ] T;M.
peEM peEM

The (r,8)-type tensor bundle is defined to be the disjoint union of tensor spaces

@, TM @, T*M = U @, TpyM @, T M.
peM

For instance, TM is the (1,0)-type tensor bundle and T*M is the (0,1)-type
tensor bundle. For any point p in M, the fibre space of the bundle T'M at p is the
tangent space 1), M, and similarly the fibre spaces of 7*M and ®,TM ®,T*M
at p are Ty M and ®,T,M @ T,y M respectively. For every tensor bundle, there
is a natural projection 7 : ®,TM ®, T*M — M mapping T}, — p, for any T,
inside the fibre space ®,T, M ®s T; M. In other words, the fibre space could be
expressed as 7! (p) = @, T,M @, Ty M.

Let us explore some properties of the tensor bundle. Suppose 7 : TM — M
is the natural projection. For any coordinate chart z : U — R of M, a canonical
bijection @, : 771(U) — U x R™ can be induced such that for any point p in U,
for any tangent vector X, = X;)% pin T,M, ©,(X,) = (p, Xje;), where {e;};
is the usual basis of R™. This canonical bijection is known as a trivialization of
the tangent bundle over U, and defines a topology and differentiable structure
for 7=1(U), which is diffeomorphic to U x R™. Note that the topology and
differentiable structure is independent from the choice of coordinate charts.
Suppose there is another chart 3 : U — R". Then, the corresponding canonical
trivialization is @, : 771 (U) — U x R™ mapping X, = X’;)aiyjb — 9, (X,) =
(p, X’;ej). Combine with ®,, we have the bijection @, o o, ' UXxR" —




U x R™. For any vector v = v'e; in R™, for any point p in U,

— ; 0 iayj 0 iayj
¢y 0 @, 1(p,v) =, (U W|p> =9, (U aﬂpayjh)) = (p,v Wlpe]) )

and hence @, o ®, ' must be diffeomorphic since the partial derivatives gii

are differentiable functions on U and the differential of the transition function
t =yox~!is the matrix

oyt . oy
Ox! dxmn
te =dt = : : ,
oy ... 9y
Ozl Ox™ nxn

which is always invertible. This implies the differentiable structures of 7=1(U)
induces by = and y are the same. Finally, combining all differentiable patches
7~ Y(U) for any charts z : U — R™ of M, this gives a differentiable structure to
the whole bundle T'M, which makes it a smooth manifold of dimensional 2n,
and the natural projection 7w : TM — M is differentiable.

Similar differentiable structure can be defined on the cotangent bundles T M
and all tensor bundles ®,. T M ®¢T* M, which are of manifold dimension 2n and
n(14r+s) respectively. These objects are prototypes of vector bundle over M.

Definition of tensor fields: Suppose M is a smooth manifold. A (r,s)-type
tensor field over M is a differentiable map T : M — ®,TM ®4T*M such
that m o T is the identity map, where 7 : ®,TM ®; T*M — M is the
natural projection, i.e. T : p— T, € @, T, M ®;T; M.

For instance, (1,0)-type tensors are vector fields (contravariant) and (0,1)-type

tensors are differential 1-forms (covariant). Suppose = : U — R is a coordinate
. F) ) ; i .

chart of M. Since { 5%, ® ... ® 5%|, ® daf @ ... @ da); }iln-irjln-js is a ba-

sis of the tensor space @, T, M ®; T,y M for any point p in U, the tensor T" at p
can be expressed as

9 , ,
~lp ®dr] ® ... ®@dx.

T=Tyi sl ®. . ® 5

- pjl"'.js 83;11

If we let Tﬁ; : U — R be smooth functions mapping p +— ijll'_'_'_;:,

8fi1 R...0 0‘37‘. ® drlt ® . ® dx’s be the tensor field mapping p — Miilh, ®
e ® %iirb @dz)! ®...®@dz), then we may write the tensor 1" as a summation

of the basis tensors

and

i 0
_ 11 eeelp
T= lemjs Ori ®...® Orir
There is one remark on convention in physics and mathematics. In physics, es-
pecially general relativity, the geometric objects are usually topologically trivial
or only local properties are studied, and this means a single coordinate is al-
ready sufficient for discussion. To avoid the complication of definition, tensors

®dr’ ®...® dris. (1)




are referred as a collection of indexed functions T;1 j’ instead of a function
from the manifold to the tensor bundle as described above. In mathematics
however, most interesting geometric object are topologically non-trivial, and
there is no way a single coordinate chart could cover the whole manifold. Say
we need u number of charts x1,x9,...,x,. For each chart x,, we need a set of
functions ‘XTl1 j; representing the tensor on the domain of z,. As you can see,
if u is large, the indexed convention would become very messy, and therefore
the bundle section definition T': M — ®,TM ®, T*M is adopted. A second
advantage the mathematics convention is the tensor rule of transformation is
already included in Eq.(1), and can be deduced by the chain rule of the differ-
ential operators. Besides, comparing the two notations, the physical indexed
convention seems inappropriate because a tensor T is a single entity and should
not be separated into individual functions T; 1--lr

The set of (r,s)-type tensors on M is denoted by I'(M,®,TM ®; T*M) or
D7(M). Denote DY(M) = C°°(M), D"(M) = Dj(M), and Ds(M) = DY(M).
Clearly, D7 (M) is a real vector space, i.e. vector summation S + T and scalar
multiplication oI are defined in the usual way, and satisfy the necessary commu-
tative, associative and distributive rules. (Actually, it is also a C'*°(M)-module,
where C*°(M) is the ring of smooth real-valued functions on M. A module is a
vector space, except the underlying field becomes an underlying ring with iden-
tity. See [5] for details.) D7 (M) is the prime object of study in characterizing
the geometric properties of a manifold in the differential point of view.

2 Differential Geometry

2.1 Connection and Covariant Differentiation

The mathematical language that describes the (differential) geometry of a smooth
manifold M is the connection operator.

Definition of connection: A function V : D'(M) x D'(M) — D'(M) map-
ping (X,Y) — VxY is said to be a connection for M if it satisfies

1. (C°°(M)-linear in the 1st argument) for any vector fields X, Y, Z, for
any smooth functions f,g on M, VxigvZ = fVxZ 4+ gVy Z.

2. (R-linear in the 2nd argument) for any vector fields X,Y,Z on M,
VxY +2)=VxY+VxZ.

3. (Leibnitz’s product rule) for any vector fields X,Y’, for any smooth
functions f on M, Vx(fY) = fVxY + X(f)Z, where X(f) is the
smooth function on M mapping p — X,(f).

(Recall X = X'22; is a differential operator, and thus X (f) = X! gg,- =df(X),
where df = gg{; dat.)
Suppose T U — R™ is a coordinate chart of M. For ¢,j =1,...,n, denote

V o = Ffj 5.7, Where Ffj are smooth functions on U. This collection of
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indexed maps Ffj are known as the Riemann-Christoffel symbols. They are
not tensors as they obey a different rule of coordinate transformation. Suppose
there is another chart ' : U — R™. Then,

F’?.izv 0 _v, (830’5 8)
P

Y oxk o7 Oxi oxJ Ox'*
B 8x’sv 0 N o022’ 9 B ax'sv 0 922’ 9
T 0xd T 0x’ | 0ri0x 0x'°  0xd Bt e 0x'° | 0x'0x) Ox'°

02" 9" 0 0%z’ 0 02" 02" 0 0%2x'® 9

T 0xi Ozt aeT 0z° | Oridxi 0x'° O Ozt TC oz't  0xt0xI Oz'°
B A i W ol i A
T\ Oad 9xt "5 9xtdxd | 9t \ Oxd x5 Qxidxd | Ozt Bk

Comparing coefficient of a%k? we have

~ 3 t
i 0x'" 0% OxF 02zt OxF

k. =r i : S .
K T8 Oxt Oxd 9z't + 0x'0xI 9zt

(2)

There is an alternative but equivalent version of Eq.(2) involving differential
form and no indices. The connection 1-form of the connection V on U with re-
spect to the chart x : U — R" is defined to be the n x n-matrix valued differential
1-form denoted by I' = (I‘é)nxn U — gl(n;R) @ T*U (here gl(n;R) = R™ " is
the space (or Lie algebra) of n x n-real matrices, T*U is the cotangent bundle
over U), where F; = Fijd:cs are the real-valued differential 1-form generated by
the Chridtoffel symbols Ffj. Note that the differential 1-form I' is still not a
tensor since it is defined only on the local domain U, and there is no guarantee
that it could be defined globally on M.

Consider the transition function ¢ = z o 2'~' : 2/(U) — x(U) between the
charts z and z’. Its differential ¢, can be treated as a non-singular n x n-
matrix valued function ¢, : U — GL(n;R) (here GL(n;R) is the (Lie) group of
non-singular n X n-matrices) mapping

z! | . dz! |

ax/l p 8:1;/’71 p
Pty = : :

oz | . oz |

ox'1 1P oz'™ P nxn

Then by a direct manipulation, Eq.(2) can be rewritten as
D=t -T"-t; '+t -dt]h), (3)

ap—1
where d(t;1) = %dwk . Or written the matrix entries explicitly,

i . 0zt ox'® Ot (02"
L="r 0z’ Oxd 8x”d ( Ozt )
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Suppose X and Y are vector fields on U, using the Christoffel symbols, we
may write

9 /QYE , 0
— . J ) = x?¢ Jrk )
VxY =Vyi a <Y aw) X <8mi +Y F”> e (4)

For instance, if the manifold is the flat space R™, the flat geometry is described
by the vanishing of the Christoffel symbols, i.e. Ffj = 0. This means for any

vector field X, YV, VxY = X? %};f%. If we adopt the usual basis {ej}j,

and perform the transformation % — ej, then VxY = X 8’: e is just the
direction derivative of the vector field Y = Y’e; along the direction X = X’e;.
However, in a curved space, the concept of parallelism differs from the Euclidean
sence. And the change of the vector field Y would not be the sole contributor to
its direction derivative. The curved geometry would also affect the value. The
extra term X'Y7 Ffj% measure the geometric contribution. (Details about
parallelism would be further discussed.)

Let X be a fixed vector field on M. Using the Leibnitz product rule, the
differential operator Vy : D'(M) — D'(M) is R-linear (i.e. treating D*(M) to
be a R-vector space rather than a C°°(M)-module). We could generalized it to
be a linear map Vx : D5 (M) — D7 (M) on higher order tensors. Firstly, on the
space of smooth functions C*°(M) (i.e. zero order tensors), the differentiation
Vx : C®°(M) — C*®(M) is defined to mapping f — Vxf = X(f). Recall
X=X 82i is a differential operator, and hence Vx f = Xi% =df(X), where
df = aa f dz' is a also a smooth function in C°°(M). There is no contribution
from the curved geometry as the definition is independent from the connection
1-form T". Secondly, the definition of the differentiation Vx : D1 (M) — D1 (M)
on the space of first order covariant tensors D1 (M) can actually be deduced from
the differentiation on smooth functions and vector fields. For any differential
form w in Dy (M), for any vector field Y in DY(M), w(Y) is a smooth function
mapping p — wp(Y}). Since Vx is a differential operator, it should satisfies the
Leibnitz product rule, i.e.

Vx(w(Y)) = (Vxw) (V) +w(VxY).
Since by definition Vx (w(Y)) = X(w(Y)), Vxw must satisfies

(Vxw) (V) = X(w(Y)) —w (VxY),

(written explicitly, X (w(Y)) = X (w;Y?) = X794V 4 Xiw; ‘3?;;) and this may
treated as the definition of the covariant tensor Vyxw. On a local domain U
covered by the chart =, we could use the Christoffel symbols to write down the

differentiation in index form. For any vector field Y,

Ow; . .9yt
— YJ Lyt Iy, _
(Vxw)(Y)=X 8asjY + X7 w; 907 w(VxY)
Ow; . QY? QYK . 0
— xi iy I _ i irk ) =
X 3ij + X wzaxj w(X (8xi +Y 1—‘”> 3Ik>
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Owi ., o, OYi L (OYF
= XI55 4 Xwig o —w X (a

)

= Xiw'% —wpXYIT, = X° <? - wkr§j> dz? (V).
./1:7, X2

And hence, by eliminating the arbitrary vector field Y,

8wj
ozt

Vxw=X" ( - wkrfj> da’. (5)
When compare with the differentiation of a (contravariant) vector field Eq.(4),
there is a change of sign in the term involving the Christoffel symbols.

In general, by using Leibnitz product rule, the differentiation of the tensor
YR..Z0w®...Q¢&in D5(M) is defined to be

Vx (Y ®..08)=(VxY)®...0+...+ Y ®...® (Vx&)

This means Vx : DL(M) — D7(M) operates on tensors of any contravariant
and covariant order. Written locally in index form, the differentiation of a
(r, s)-type tensor T is (VXT);?“'?" 9 ®...®dzls, where

1..-Js Ozl
oTH -+
i1 0y k J1-- ]s k i ..t 01 B — 1
(VXT)]I =X Ok +X (TJ12J Fl AT T u)
k r M 12
X (T T, 4 T wrm) (©)

The tensor product ® maps lower order tensors to higher order one. There
is another binary operator | known as the contraction mapping higher order
tensors to lower order one. Consider the two tensors spaces D" (M) and DY (M).
If s > ¢, then the contraction is the map | : D7(M) x DL (M) — D’_ t+u(M)

mapping (S, T) — S|T (SJT) B ® ... @dxis—t+u, where

Ji-- ,j:' thu 0T

(SJT)MIT — Si1‘..i1v ] ) T'.u'l""u't

J1--Js—t+u M1 ot 1o Js—t ™ Js—t+1--Js—t4u’
or if s <t then | : DT(M) x D!{(M) — D"=sT¢(M) mapping (S,T) — S|T,

Ap—s str dr—s
(ST = S T e
This means the lower indices of S contract with the upper indices of T" untill one
of them has run out of indices. One can check that the definition is invariant
under change of coordinate charts, and hence the contraction is still a tensor.
For example, if w is in Dy (M) and X is in DY (M), then w|X = w; X = w(X), if
€isin Dy(M), then &| X = &; X da?, or if Y is in D?(M), then w]Y = w; Y 2
and fJY = flij

Using the contraction, we could define the covariant differential operator of
a given connection.

oz
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Definition of covariant differentiation: The covariant differential is defined
to be the operator D : D} (M) — D} (M) mapping T' — DT such that
DT|X = VxT for any vector field X in D'(M).

Note that the definition is unique since for any local chart z : U — R", the co-
variant differential can be written locally in index form, DT = (DT)-"r. _9_g

. ) kji...js Ox1
...®ar%®dxk®dmﬁ...®d:ch, where

o o QT -ir , o o
(S P (S J1---Js 71 M2 .. 2 Ty 11 tr—1 [
T3 i = O, = —gn - PO TR+ + DT 05
_TH 11...10 i 1.
Doj T g+ P0G T35 e (7)

For instance, for any vector field X, DX = (%);k + le"fj) % ® dx*, and for

any covector field w, Dw = (g:{ - Ffjwk) dx' @ da? .

For readers who are familiar with exterior algebra, the subspace of alternat-
ing (or skew-symmetric) tensors in ®,7, M is denoted by A, T,y M for any point
pin M. Similar to the tensor bundle ® 7" M the wedge bundle is defined to be
the disjoint union A\ T*M = J,cp, A, T*M, and I' (M, A T M) is denoted as
the subspace of alternating tensor fields (or differential s-form) inside D4(M) =
I'(M,®,T*M). The exterior differential operator d : ' (M, A\, T*M) — T (M, \

is defined to be d = (s+1)Altod, where Alt : I' (M, @41 T*M) — T (M, \,,, T*M)

is the alternation, the d on the left hand side is the exterior differential, and
the d on the right hand side is the differential of tensors mapping w — dw =
O0wj, ...js

dek ® dz’t ®@ ... ® dx’s. In other words, for any alternting differential
form n,

dn = (s + 1) Alt(dn) = (s + 1) Alt <8Tg1“k'j-*dx’“ ®dr’' ®...® dxj5>
X

=(s+ 1)%&1& (da* @ da?* ® ... @ da’?)

s+1 anj1~~.js

= dz® A da?t A LA dade
(s+1)! Ox* * v v

L
= Z ZL];Jdek/\dle A A dads.
J1<...<Js k=1 Oz

Now, we could define the covariant differential operator D on I' (M, A\, T* M)
similarly mapping n — Dn = (s + 1)Alt(Dn), where the D on the left hand
side of the equation is the exterior covariant differential operator on differential
forms, and the D on the right hand side of the equation is the covariant dif-
ferential operator on tensors described before. For a simple review on exterior
algebra, differential forms, alternation and wedge product, the readers could
refer to [6].

14
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2.2 Parallel Displacement and Geodesic

Suppose X is a fixed vector field on the smooth manifold M equipped with a
connection V. A tensor field T in D7 (M) is said to be horizontal with respect to
X if it satisfies the linear differential equation DT'|X = VxT = 0. This means
Eq.(6) is zero. There are in a total n”™* equations and T has n"* components,
and hence VxT = 0 has a non-empty solution set for 7. In this section, we
shall focus only on vector fields for simplicity, but similar arguments could be
applied to tensors of arbitrary orders.

Let o : (—tg,tp) — M is a smooth curve on M. For every t in (—tg,to), &(t)
is a tangent vector inside T, M, and hence & : (—to,t9) — T'M is a vector
field on M mapping ¢ — &(t).

Definition of horizontal vector field: A vector Y in D!(M) is said to be
horizontal with respect to the curve « if % = V4Y = 0 along the curve.

For simplicity, let assume the curve could be covered by a single coordinate chart
x : U — R™ (otherwise coordinate transformation should be applied whenever

necessary). The tangent can be written as &(t) = dw{;:a (t)% a(t)- And hence,
the vanishing of the covariant derivative means (for simplicity, write 2* = z’ o v

and Y? = Y? o a as functions of t)

DY  dx' [OYF : 0 dy* dxt A\ 0
= _ _ 4 YIirk ) 2 — [ 2 Thys ) 2 —
dt dt <8$1 * ”) oz ( a Taw >6mk 0. (8)

i.e. we have the first order differential system (% + dd—’”tlfi?j) Yi=0.

By the fundamental theorem of differential system, given any tangent vector
Yy at the point a(0) (tangential to the manifold but not necessarily to the curve
), there is a unique vector field Y (¢) satisfying Eq.(8) and the initial condition
Y (0) =Y. This curve Y : t — Y(¢) on the tangent bundle T'M is known as the
horizontal lifting of a with respect to the fixed initial vector Yy. The terminology
horizontal refers to the fact that Y satisfies the geometric governing equation
Eq.(8), and lifting means the curves o and Y are related by m oY = «, where
m:TM — M is the canonical projection.

Definition of parallel displacement: The parallel displacement by the curve
« is defined to be the vector space isomorphism, also denoted by the
symbol of the curve, ag_¢ : ToyM — To@)M mapping Yy — Y () as
described above.

The parallel displacement operator acts as a transporting agent that transports
an initial vector Yy at «(0) parallelly to a final vector Y(¢) at «(t). From
Eq.(8), a horizontal vector field in a flat space is a constant vector field. This
reduces to the common knowledge of parallelism in Euclidean space, i.e. the
parallel displacement of a vector along a curve is the transportation of vector
parallel to the starting one. Except in non-Euclidean geometry, due to the non-
vanishing Christoffel symbols, parallelism is not characterized by the constancy
of a vector.
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Definition of geodesic curves: A curve « is a geodesic if its tangent is hor-
izontal along itselt, i.e. % = Vst =0.

Written in local coordinate x = (z!,...,2") : U — R™, this means (again for

simplicity, write * = x* o v as a function of ¢)

D& (d*a” LTk dz' dx?\ 0

dt— \ dt? Yodt dt ) oxk

=0, (9)

i.e. the second order differential system d;f; + Ffjdd—’f% = 0. In flat space,
Eq.(9) implies the tangent of a geodesic is constant, i.e. it is a straight line.
Although this geodesic description seems differs from the common calculus of
variation interpretation of the shortest curve between two points, this differential
geometric definition is a more general one. In the later Riemannian geometry
section, when the manifold equips a metric, the length of a curve could be
discussed. One may check a geodesic with respect to the Riemannian connection

is (locally) the shortest path between two points.

2.3 Lie differentiation, Torsion and Curvature

Suppose X, Y are vector fields in D!(M). Recall they are differential operators,
and hence we can consider their composition

. ) o 2 . J
XoY:XZa,(Y78>:X’YJ 0 +X18Y 0

ozt oxJ 0xi0xI Ozt OzI’
9?2 09X 9
_ Xiyd Lyi?t 9
YoX =X Oxt0xi Y Oxt OzJ’

These are not vector fields since they are second order differential operators.
However, their difference is first order and obey the tensor rule of transforma-
tion, and hence is a vector field.

Definition of Lie bracket: The Lie bracket on vector field is defined to be
the R-bilinear map [*,*] : D*(M) x D*(M) — D*(M) mapping (X,Y)
[X,)Y]=XoY —-YoX.

Written in index form,

ozt ozt

. J ) J
oY YZaX> 0 (10)

[X,Y] = (XZ 507

The covariance of the Lie bracket is already guaranteed by its definition. If one
prefers to check it explicitly, for each coefficient,

) J ) J ) J . J
xi 6Y‘ _yi ax{ _ xr 0 Ay Oz oy 0 (x Oz
ozt ot oz’ oz'* oz’ oz'"

k k ; ; ;
_ (X”%Y:i dX ) T N
xr

o't | oz'* 9z ox'* oz ox'*
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_ X,iaY’?_Y,iaX’f“ O’
oz’ o't | ox'*

Below are some properties of the Lie bracket that the reader could check
straightforwardly.

1. As stated in the definition, the Lie bracket is R-bilinear, i.e. for any
vector fields X, Y and Z, for any real scalars a and b, [aX + bY, Z] =
alX,Z)+b]Y,Z] and [X,aY +bZ] = a[X,Y] + b[X, Z].

2. Tt is alternating, i.e. for any vector fields X and Y, [X,Y] = —[Y, X].

3. (Jacobi’s identity) For any vector fields X, Y and Z, [ X, Y], Z]+[[Y, Z], X+
[[Z,X],Y] =0.

4. (Leibnitz product rule) For any vector fields X and Y, for any smooth
functions f, [fX,Y] = f[X,Y]-Y(f)X and [X, fY] = f[X, Y]+ X (f)Y.

(Recall X, Y are differential operators and X (f) = df (X), Y(f) = df(Y).) The
first three identities are the properties that any Lie bracket should possess in
any Lie algebra. The last identity implies the operator Lx : D*(M) — D(M)
mapping ¥ — LxY = [X,Y] is a derivation, i.e. is R-linear and satisfies
the Leibniz product rule. The differential operator Lx is known as the Lie
differentiation. (The reason for the name differentiation would be skipped as it
inolves the concept of a 1-parameter group of transformation generated by X,
which is not discussed in this notes. For detail, please refer to [3].)

Note that the Lie bracket and Lie differentiation can be defined in any
smooth manifold independent from a connection since the Christoffel symbols
are not used in the definition, and hence these are not relevant to the differential
geometric property of a manifold. However, with the help of the Lie bracket,
two important (particularly the latter one) characterizations of the geometry of
a manifold can be defined.

Definition of torsion: With respect to a connection V, the torsion is an op-
erator T : DY(M) x DY(M) — D*(M) such that for any vector fields X
and Y, T(X,)Y)=VxY - Vy X — [X,Y]

Write Endcs(ary (D' (M)) to be the space of all endomorphisms on D' (M) (i.e.
C°°(M)-linear D*(M) — D (M) maps).

Definition of curvature: With respect to a connection V, the curvature is an
operator R : D'(M) x DY (M) — Endce () (D*(M)) mapping (X,Y) —
R(X,Y)=VxVy —VyVx — Vixy].

In other words, for any vector field Z, R(X,Y)Z = VxVyZ — VyVxZ —
Vix,y1Z. Let us explore some properties of the torsion and curvature operator.

Theorem 2.1 The torsion operator T : DY(M) x DY(M) — DY(M) is skew-
symmetric and C*°(M)-bilinear.
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Proof: By a simple checking, it is easy to see T is skew-symmetric, i.e.
T(X,Y)=-T(Y, X). Clearly, by the property of the connection T (X +Y, Z) =
T(X,Z)+T(Y,Z). For any smooth function f in C*(M),

T(fX,Y)=VxY = Vy(fX) - [fX,Y]

= fVxY = fVy X =Y (/)X - fIX, Y]+ Y (/)X
= f(vXY - vY)( - [X7Y]) = fT(va)
Thus, T is C*°(M)-bilinear. Q.E.D.

This theorem implies T' can be treated as a (1,2)-type tensor in Di(M).

Define Ti’}@% =T (%, %), or equivalently, TZ; = da*|T (821-, %). Since it

satisfies the transformation rule

g 0 oxk 4 oz’ 9 9z 90
k __ k A _ /
Ty = de (T (83:“ ij>> 8x’tdx <T ( dz' Oz'" OxI 695’3))
o ot <T< o 0 )) dx'" 0x'* 9z*

T 9zt Qad 9!t oz'"’ oz'® T 9xt Qxd gyttt TS

if we write T = T} 2% @ da’ ® da? on each local chart @ of M, then it is a
(1,2)-type tensor defined globlally on M. (To be more specific, T is a vector-
valued differential 2-form since Tf7 = —Tﬁ, ie. T = % ® T*, for which each
component is a differential 2-form T+ = Yic j Tilz»dxi A dxz?, where da® A da? =
dr' @ dz/ — dz? ® dx.) This tensor is called the torsion tensor.

Written in terms of the Christoffel symbols,

R0 g, 9 o |9 9
W ogk Y 5eT O 597 Ot Oz’ OxJ
0
_ (Tk k
= (I —T5) Dk
since [%, %] = 0. This means
k k k
Tz‘j :Fij _Fji' (11)

As expected, torsion vanishes in flat spaces.

After studying the torsion tensor, let turn to curvature. While the torsion
operator is a first order differential of vector fields, curvature is a second order
operation. The reader may check straightforwardly that for any vector fields
X,Yand Z, R(X,Y)Z =DDZ|(X®Y - Y ® X), where D is the covariant
differential operator. Hence, we may interpret the curvature as D2.

Theorem 2.2 For any vector fields X and Y, R(X,Y) : DY(M) — DY (M) is
C>™(M)-linear.
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Proof: For any smooth function f in C°° (M), for any vector field Z,
RX.Y)fZ =VxVy(fZ) = VyVx(fZ) = Vixy|([fZ)

=Vx (fVYyZ+Y(f)Z) = Vy (fVxZ+X(f)Z) = fVixv1Z — (X, Y](f) Z
= VXV Z+ X()VyZ+Y([)VxZ+ X oY (f)Z — fVyVxZ - Y(f)VxZ
—X(f)VyZ—Y o X(f)Z — [Vixy1Z - X oY (f)Z+Y 0 X(f)Z
— fVXVyZ — fVyVxZ - [Vixy1Z = fR(X,Y)Z,

Thus, R(X,Y): DY(M) — D*(M) is an endomorphism of the C°°(M)-module
D'(M). Q.E.D.

Note that every endomorphism E in Endge(ar) (Dl(M )) corresponds to
a unique (1,1)-type tensor in D}(M). Define Ei 2 = E(5%), ie. Ei =
dz'|E (3%). Since E is C*°(M)-linear, E! satisfies the tensor transformation

L o \\ 0z o' 9

oxt az't i o oxt 82" ok O
= O e (E(a)>a 07 e (E a)

; l ; l
02 02" g O0x" 02"k

ok 0w T T gk O

if we set E = E| 52 ® da? on all local charts z, this defines a global (1,1)-
tensor E in D}(M). Conversely, for any (1,1)-tensor T in D}(M), it defines an
endomorphism 7' : X — T(X)=T]|X = T}Xj% on D(M). Hence, there is a
natural isomorphism Endcs () (D'(M)) 22 D (M), and the two spaces can be

treated to be the same. Apply to the curvature operator, R : Dll(M) x DY (M) —
Endce () (DY (M)) = Di(M). Write R(X,Y) = R(X,Y). 7% ® d2?, and

define the correspondent R’ : D'(M) x D'(M) — C>(M) mapping (X,Y) —
Ri(X,Y) = R(X,Y)}.

)

Theorem 2.3 R’ : D'(M)xD'(M) — C>(M) is skew-symmetric and C*>(M)-
bilinear, i.e. R;- 1s a differential 2-form.

Proof: By a direct checking of the definition of the curvature operator, it
is obvious that R(X,Y) = —R(Y, X). For any smooth function f in C*° (M),

R(fX,Y)=V;xVy = VyV;ix - Visxy]

= fVxVy = Vy (fVx) = Vifix,v]-v(H)x)
= fVxVy — fVyVx = Y(f)Vx = fVixy + Y (f)Vx
= fVxVy — fVyVx — fVixy] = [R(X,)Y).
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Since R is alternating, its components Ri must also be alternating, in other
words Ri(X,Y) = —RL(Y, X). Write R;kl Rl(azk’ 5,7)- Due to its C°°(M)-

bilinearity, the covariance of R; 41 can be checked in a similar manner as T} 5> and
hence if we define R; = R;kldxk ® dx! on any local chart x, R;- is a (0,2)-type
tensor. Since Rl = —R!,, Rl =30, RYy da® A dat is a differential 2-form.

Q.E.D.
This means the curvature is R =

. Written explicitly, R =
Jkl 8&01 ® dr? @ dz* @ dz! on any chart x of M, i.e. the curvature R can be

treated as a global (1,3)-type tensor in Di(M). This tensor is known as the
curvature tensor.
Written in terms of Christoffel symbols,

L0 (0 00
TR g T Oxk’ 0zl ) Oz

VL Ve L VLVL. Ly

Bz 6zl oxJ ol Bmk oI [8:"7 ey }8:];]

0 0

) 6F§j ) . o O 0

9 — F —— — . 2 —— —
a2k Ozt Oz Ozt ki ¥ 5.1 Ot ox! Ozt

ary, oy, . 9
- (8x’3 Ol +F Thm — kij’") ozt

Or in each component,

—1,V

; ori.  ori. -
Gkl — (9{)3]3 - ax‘] F Lt kjtim: (12)

Recall locally on the domain U of the chart z, we could define a n x n-
matrix valued connection 1-form I' = (F;)nxn : U — gl(n;R) @ T*U, where
F; =Tt ;dz®. For curvature, we could treat it as a nxn-matrix valued differential
2-form R = (Ri) . U —gL(n;R) @ A\, T*M, where Rj = R da* @ da' =
Y k< R kldxk Adz'. This matrix valued differential 2-form is known as the cur-
vature 2-form. Hence by a straightforward computation, Eq.(12) is equivalent
to the Cartan’s structure equation

R; =dl; + 1, AT, (13)

for which d is the exterior differential operator. Or in matrix form, it is simply
R=dI' +T AT, where T AT = (T, A F;”)nxn. Clearly, curvature vanishes in
flat space as I' = 0.

Theorem 2.4 If the manifold M is equipped with a torsion free (T = 0) con-
nection, then
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1. (Jacobi’s identity) for any vector fields X, Y and Z, R(X,Y)Z+R(Y, Z) X+
R(Z,X)Y =0, and

2. (Bianchi’s identity) DR;- =0, where R; is the curvature 2-form and D is
the exterior covariant differential operator.

Proof: For the Jacobi’s identity,
R(X,Y)Z+ R(Y,Z2)X + R(Z,X)Y =VxVyZ - VyVxZ - Vixyv|Z

+VyVzX = VzVy X = V71X +VzVxY = VxVzY —Viz Y
—Vx (VyZ = ViY) 4 Vy (VX — Vi Z) + Vs (VY — Vy X)
—Vixyv)4 — Vy,z21X = Vizx)Y
=Vx[Y, Z] + Vy[Z, X]+ Vz[X,Y] = Vixy1Z = Viy, 21X = V7, x]Y
=X [V, 2]+ [Y,[Z2, X]] + [Z,[X, Y]] = 0,

where the last three equalities holds because of the vanishing torsion and the
Jacobi’s identity of Lie bracket. Next, for the Bianchi’s identity, for any point
p in the manifold M, let = = (x!,...,2") : U — R" be a local chart around P
such that x(p) = 0, if we perform the coordinate transformation x — 2’ such
that 2% = 2% — %Ffj (p):c’ix'j, where I‘fj is the Christoffel symbols with respect
to the chart z (note that the transformation may not be invertible on the whole
domain U, but it must be invertible on a smaller neighbourhood around p), then
by the transformation Eq.(2)

r s k 2, .t 1k
Jk - ox" 0x* 0x' 0%z ox
r (%) (p) - Frs (p) 8x,i |p 8I/j |p Ot |p + ax,iax,j |p Ot |Z7
0%t ox'" 1 1 ox'"
_ [t (1t t t _
N (F” D) e |’”) ot 7 = <F” () =51 (0) = 5halp )> ot 1P =0

Now with respect with the new coordinate 2/, DR’§-|p = dR’;-|p since IV(p) =0
and by the Cartan’s structure equation Eq.(13),

ARl = d (d0'5 + T3, AT ) |, = ddIs |, = 0.

Thus, DR’;|p = 0. Since this is true for any point p in M, and R is a tensor,
DR; =0. Q.E.D.

There are two remerks about the Bianchi’s identity. Firstly, the identity
holds even for a connection with non-vanishing torsion, but this is not the
focus in general relativity, since all Riemannian connection (will be discussed in
a later section) are torsion free. For details, please refer to [3]. Secondly, the
above Bianchi’s identity is actually the second Bianchi’s identity, and the Cartan
structure equation is one of many structure equations. The other identities could
also be found in [3]. These identities are description of the relationship between
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the matrix-valued connection 1-form, the torsion and curvature 2-forms, and
another differential 1-form called the canonical 1-form, which is skipped in this
notes.

In physics, these identities are usual expressed in index form. The Jacobi’s
identity is clearly equivalent to
Ry + Riy; + R = 0. (14)

J

To illustrate the Bianchi’s identity in index form, if we let DR§~ = R;kl;adx” ®

dz* ® da', where D in here is the covariant differential operator (NOT the
exterior one). Then the exterior covariant derivative of the curvature 2-form is

) ) ) 1 . .
DR} = 3Alt (DR}) = 3Ry, Alt (da” @ da* @ da') = ZRly.,da” A da® A da'!

2
1 ) o k l k l o l o k
=3 ikiio (27 ® do” ® dr' + d2” @ do' @ d2? + dv' @ do’ ® dx
—dz° @ do' ® da® — da* ® da’ @ da' — da' ® da® ® da?)
Lo i i i i i o
= 5 ( jkl;o + lea;k + Rjak;l - lek:;o - Rjol;k - Rjko’;l) dz? ® dxk ® dxl
Since R;» is skew-symmetric, i.e. R;‘kl;a = _R;"lk;av R;‘lo;k = —R;'-Ul;k and
R;'ak;l = _R;'kJ;U
DR = (Rij.p + Rijgip + Rl g1y da” ® da* @ da'.

And the Bianchi’s identity implies

R;’lcl;a + Rj‘la;k: + R;'ak;l =0. (15)

Back to the curvature operator, for any fixed vector fields Y and Z, the
map X — R(X,Y)Z is an endomorphism on D!(M), and we could consider
the trace of this endomorphism, denoted by r(Y,Z) = Tr (R(x,Y)Z). [Note
that the C°°(M)-module Endce(py (D*(M)) = Di(M) is (locally) generated
by the C°°(M)-basis {ai'i ® da? }l.j, and the trace of any (1,1)-type tensor T =

T; 2. ®@da’ is defined to be the summation T'r(T) = T}. Clearly, this definition
is independent from the choice of coordinate charts, which makes the trace
the correpondent Tr : Endcs(ay (D'(M)) — C°(M).] This operator r :
DY(M) x DY(M) — C°(M) mapping (Y, Z) — 7(Y, Z) is known as the Ricci
curvature. By the properties of the curvature operator theorem (2.2, 2.3), the
Ricci curvature operator is C*°(M)-bilinear, and since the space of C°°(M)-
bilinear functionals D*(M) x DY(M) — C°(M) is isomorphic to the tensor
space Do(M), we may treat the Ricci curvature operator as a (0,2)-type tensor.
The curvature tensor is written as R = R; kl% ®dr? ® dz* ® dx', and its trace

isr=Rj = R;-”mldmj ® dx!. This tensor is called the Ricci tensor, and can be
easily checked to obey the tensor rule of transformation.

22



3 Riemannian Geometry

In the previous section, we have seen the curvature of a manifold can be studied
using a connection, which is an operator form describing parallelism. In this
section, we shall see how a connection could be induced by the measurement of
length and angle between tangent vectors. In linear spaces, these measurements
are concluded by a binary operator called an inner product. Recall an inner
product of a real vector space V is a map (x,*) : V x V — R mapping (u,v) —
(u,v) and satisfies

1. (positive definite) (u,u) > 0, and equality holds if and only if u = 0,
2. (symmetric) (u,v) = (v,u), and
3. (linear in the first argument) (au + bv,w) = a (u, w) + b (v, w).

(Note that the inner product in quantum mechanics is a complex inner product,
i.e. it is conjugate symmetric rather than symmetric, and the Dirac notation
obeys linearity on the second argument rather than on the first one.) The length
of a vector u is defined to be the norm ||u|| = /(u,u) and the angle between
the non-zero vectors u and v is defined to be 6 = cos™! (%)

Suppose V' is finite dimensional. There exists an orthonormal basis {e;},,
which is a basis of V' such that (e;, e;) = d;;, and every vector can be expressed as
v = v'e;, where v' = (v, ¢e;). Hence, (u,v) = §;;u’v?. In other words, the inner
product can be viewed, under this orthonormal basis, as the identity matrix
1 = (0ij),,«,,- If we perform a change of coordinate basis e +— f, where f; =
B}ei. Here B = (B;)nxn

Under the new basis, every vector can be expressed as v = v" f; = v’ Ble;, and

is a non-singulatr matrix (not necessarily unitary).

the inner product becomes (u,v) = u’kv’lB,iBféij. Hence, the inner product
can be viewed, under the basis { f; }j7 as the positive definite symmetric matrix
g = BT B, where g;; = B} B.6,;, which implies (u,v) = gjju'"v"’.

In special relativity, the concept of distance is not positive definite. The
space-time metric is the matrix n = diag(1, —1,—1, —1), which is not positive
definite. Hence, we have to adopt a modified version of inner product called the
pseudo-inner product, which is non-degenerate (instead of positive definite),
symmetric and linear in the first argument, where non-degenerate means the
product satisfies ‘u = 0 if and only if (u,v) = 0 for any vector v’ (in simplier
terms, this means the matrix representing the inner product is non-singular).
Again, if we perform a change of basis f; = B]i- e;, the inner product becomes the
invertible symmetric matrix g = BTy B, where g;; = BfBé»nkl. The (Lie) group
of Lorentz transformation, denoted by O(1,3), is defined to be set of matrices
B that leave 7 invariant, i.e. n = BTnB.

At each point p in a smooth manifold M, we have the tangent space T,M,
and suppose ¢ : U — R" is a chart around p, {%b}j is a basis of T, M.
The essence of a (pseudo-) metric is to define a (pseudo-) inner product at
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each tangent space T, M smoothly over all points p in the manifold. A pseudo-
inner product on T, M, denoted by g, : (X,,Y,) — g,(X,,Y},), can be written

in form of a n X n-invertible symmetric matrix g, = where Ipij =

gp'LJ n><n’
9p (%\p, %\p). In other words, g, (X,,Y,) = gpin;ij. Unlike the flat space-
time, where the metric 7 is uniform, the matrix g, may varies from point to point
throughout the manifold M, i.e. we have a set of functions g;; : p — ¢:;(p) =
Ipij- However, these functions are defined only locally on U by the coordinate
chart z. Suppose we perform a change of coordinate x — ’. Then,

(2 o (oo oo

G =49 o' oz ) g D! dxk” §g'd Ol
B ozk ox! g 0\ _ ozk ox!
- ax/i a.’Eljg @7@ ,jgkla

ox'" Ox

i.e. gi; satisfies the tensor rule of transformation. In other words, we could
defined a global (0,2)-type non-degenerate symmetric tensor g in Do(M) that
is expressed locally as g;jdz’ ® da’ and at each point p in M, g, = (g:;(p)), .,
serves as a pseudo-inner product of the tangent space T, M. Since the C>°(M)-
module Dy(M) is isomrophic to the module of functionals D'(M) x DY(M) —
C*>(M), we may treat g as a non-degenerate symmetric bilinear operator g :
DY(M) x DY(M) — C>(M) mapping (X,Y) — ¢g(X,Y) = g|] (X ®Y) or in
local coordinate, g(X,Y) = ¢;;X"Y7. The definition of a metric tensor can be
summarized by the following.

Definition of a pseudo-Riemannian metric: A pseudo-Riemannian metric
is a non-degenerate symmetric (0,2)-type tensor in Do(M), i.e. could be
written locally as g = g;; dx’ ® dx?, where gij are smooth real-valued func-
tions, the matrix (gi;),,,,, is non-singular and g;; = g;;. Or equivalently,
it could be treated as a map g : DY(M) x D*(M) — C°° (M) that satisfies

1. (non-degenerate) a vector field X is zero if and only if for any vector
field Y, g(X,Y) =0,

2. (symmetric) g(X,Y) = ¢g(Y, X) for any vector field X and Y, and

3. (linear) g(aX + Y, Z) = ag(X, Z) + Bg(Y, Z) for any smooth func-
tions o and 3 on M, and any vector fields X, Y and Z.

A smooth manifold is called a (pseudo-) Riemann manifold if it is equipped with
a (pseudo-) Riemannian metric.

Denote Sym(n) be the space of n x n-symmetric matrices. For any matrix S
in Sym(n), since S is diagonalizable, let P(S) be the number of positive diagonal
entries, N(S) be the number of negative diagonal entries. The rank of S is then
P(S) 4+ N(S). The signature of S is defined to be sig(S) = P(S) — N(S). Two
matrices S and S’ are said to be congruent if there is a non-singular matrix
B such that S’ = BTSB. Clearly, the ranks of two congruent matrices are
the same. The Sylvester’s theorem [7] guarantees the signatures of congruent
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matrices must also be the same. The converse is also true, i.e. matrices of the
same rank and signature are congruent, since they are congruent to the diagonal
matrix diag(1,...,1,0...,0,—1,...,—1) of the same rank and signature. In
general relativity, we would expect any pseudo-Riemannian metric g to have a
constant signature throughout the whole space, i.e. sig(g(p)) = sig(n) = —2
(of course g has full rank 4 as it is non-singular) for each point p in the space-
time manifold. Thus, the space-time manifold is a pseudo-Riemann manifold of
signature -2.

3.1 Riemannian Connection

Definition of the Riemannian Connection: A connection of a (pseudo-)
Riemann manifold equipped with the (pseudo-) metric g is said to be Rie-
mannian if it is torsion free and compatible with the metric, i.e. Dg = 0,
where D is the covariant differential operator.

The Riemannian connection is also known as the Levi-Civita connection. A
(pseudo-) Riemann manifold must exist a unique Riemann connection, where
the Christoffel symbols are

1 Ogu | Ogji  0gij
k _ kl
Fi =59 <8xj Fon oul ) (16)

where g7 = (gij)nxn is the inverse of the metric matrix g. The proof can be
found in the course lecture notes or other standard textbooks on differential
geometry such as [3, 1, 2]. Note that the inverse of ¢ is upper indexed, and it
is easy to check the corresponding contravariant tensor rule of transformation

since .
<8x' Z) B ( oz’ )
J - 13 ’
Oz nxn 0z J nxn
Hence, g~ ! is a global (2,0)-type tensor in D?(M). Written in index form,

-1 _ 4ij 0 _9_
9 =g ami®0w3'

Recall the curvature tensor, written in R = R;kl% ® dr’ ® da* ® dat,
can be contracted by a trace to give the Ricci tensor r = Rj;da? ® da', where
Rj = R}, By the metric g~!, we may define a smooth function on M by s =
rlg~t = Ry; g% known as the scalar curvature. In general relativity, we define
the Einstein tensor be the (0,2)-type tensor G = r — %sg, ie. Gij = Rij — 5945.

Next, let us study geodesics on a Riemann manifold M. Suppose « :
(—€,6) — M is a smooth curve mapping 7 — «(7). A reparametrization is
an invertible change of parameter ¢ : (—¢,€) — (—¢,€) mapping 7 — (1) = t.
Under the new parameter, the reparametrized curve is & : (—¢,¢) — M map-
ping t — a(t) = a(r), where 7 = ¢~ 1(¢). (We always assume the curve starts
at the same position, i.e. ¢(0) =0.) By an abuse of notation, we usually write
a simply as a. We could always think the parameters 7 or ¢ as the time when a
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particle travels along the curve. So the geometric meaning of a reparametriza-
tion is to alter the speed of the propagation without changing the trace of the
curve.

By using the metric g of the Riemann manifold, we could define the arc
length of the curve from 0 to 7y to be

s(m) = / " IeG), adr.

Hence, there is a correspondence s : 7 +— s(7). If the curve has non-vanishing
g(&, &), then the map s : 7 +— s(7) is invertible, and thus this defines a
reparametrization of the curve known as the parametrization by arc length.
By a change of variable in the integral, the readers may check very easily the
parametrization of arc length will still be the same if we use the parameter ¢
instead of 7.

Recall the curve « is a geodesic if it satisfies the geodesic equation V4é = 0,
or in index form

d%a® g dxt dx?
dr? Ydr dr ’
where ¥ is the abreviation for z¥oa, and z = (2!,...,2") is a coordinate chart

around «(0). The question is will the geodesic equation be invariant under a
reparametrization of the curve. The answer, in general, is no. Indeed, we could
prove that on a Riemann manifold, if the curve « : 7 +— «(7) is a geodesic, then
the parameter 7 must be proportional to the parametrization of arc length,
i.e. s = vT, where v is a constant. In other words, all geodesics propagate in
constant speed. To prove this, we have to make use of the fact that the Riemann
connection is compatible with the metric, i.e. Dg = 0.

9(6,0) = Va (9(6, 4)) = (Vag) (456) +9 (Vact, @) + g (6, Vad) = 0.

Denote the constant v = /|g(&, &)|. Hence,

s:/ofm:m

This implies the geodesic equation can be rewritten under the parametrization
of arc length as
d%zk Tk dz’ dﬁ
ds? Y ds ds
In special relativity, the space-time metric is ¢ = dz° ® dz° — dz' ® dz' —
dr? ® dx? — dz3 @ dx3. If t is time, i.e. 20 = ct, then the space-time interval (or
the arc length parametrization) of a time-like trajectory is

= e () () ()
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In general relativity, for a massive object traveling around a gravitational field,

there is no guarantee that gijdd—ﬁiddi; would be constant, and hence the inter-

val s = fot Gij d;; df; dt may not be proportional to time t. This means the

2 .J
ddté [k de'de’ _ () is NOT a geodesic equation.

equation i dr dt

3.2 The Sphere S?

Recall S? = {(z,y,2) : 2* + y® + 22 = 1} is the unit sphere in R®. Consider the
chart (x,y, z) — (0, ¢) such that x = sinf cos ¢, y = sinfsin ¢, z = cos§. Then,
a tangent vector is in the form X = X"-& 9 7+ X ‘;5 Transform back to the

container space R3, X = X% + X¥j + sz:, where

X* = Xog§+X¢gz:XGCOSQCOS¢>—X¢Sin951n¢
Y o an ¢ay o [ . b o
XY=X 89+X 8¢7X cosfsin ¢ + X ? sin 6 cos ¢

82’ 82
0 $ 0% 0
X X 0 +X X S1I19

The Riemannian metric g is the one induced by the usual inner product of R?
g(X,Y) = X®Y? + XVYY + X*YV* = XOY? + X?Y?sin? 6.

If we take (z',2?) = (6, ¢), then the metric is

(1 0 (1 0
9=\ 0 sin20 )0 9 T\ o0 1/sin%0 )°

and the Christoffel symbols of the Riemannian connection are

0
rl, =714, =T%, =T}, =T% =0, I[%=T%= % L, = —sinfcos.
11

Put in differential form, the connection 1-form is

r— 0 — sin 6 cos Od¢
cos 6 d(b cos 6 4o )

sin 6

sin 6

and the curvature 2-form is
. 2
R=dl +T AT = ( _01 S“B 0 )d@/\dqb,

which means the only non-zero components of the curvature tensor in index
form are

1 1 2 2 _ 2
Ry15 = =Ry =sin"0, Rijp,=—Rijy =—1
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The Ricci tensor is r = df @ df+sin® 0dé ® dg, and the scalar curvature is s = 2,
which means the sphere has constant positive curvature.

Suppose « is a geodesic on the unit sphere. The geodesic equations Eq.(17)
are

d?0 0 0d¢ do d’¢  2cosfdb do

a2 00 as =Y @ T ol dsds
Hence, longitudes ¢ = constant, § = ws and the equator § = 7/2, ¢ = wt
are geodesics. By the symmetry of the sphere, all great circles are geodesics,
and by the fundamental theorem of differential equations, the solution of the
geodesic equations are unique if the initial position and velocity are specified,
which implies all geodesics must be arcs of great circles.

3.3 The Poincare’s half plane H

The Poincare’s half plane is defined to be the upper half plane H = {(z,y) : y >
0} in R? equipped with the metric g = y~2(dz ® dx + dy ® dy). Write ! = x
and 22 = y. In matrix form,

(Y 0 a_ (v 0

The Riemann connection has Christoffel symbols I'}; = I's, = T3, = T3, = 0,
', =T% =T% = —1/y, and I'?; = 1/y, i.e. the connection 1-form is the

matrix
—y iy —yldx
F = 1 _ —1 .
Yy~ dx Yy~ dy
The curvature 2-form is the matrix

0 -1 1
R—df—l—F/\F—(l 0 >y2dx/\dy.

The Ricci tensor is 7 = —y~2(dx ® dr + dy ® dy), and the scalar curvature is
s = —2, which means the Poincare’s half plane has constant negative curvature.
The geodesic equations Eq.(17) are

d?xz  2dxdy B d’y ldxdx 1dydy B

ds? ydsds  ds®  ydsds ydsds

Since the speed of a geodesic is constant, let it be v, we have

g fde ) LA\ (g’
ds’ ds y? | \ ds ds '
Denote & = % and y = %.

Firstly, it is easy to see vertical straightlines are geodesics. Suppose & = 0,
then § = +vy. Hence, the vertical line = constant, y = Ae®"® is a geodesic,
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where A is positive. Secondly, we could show all other geodesics are arcs of half
circles centered at points on the z-axis. Suppose & # 0.

d (xx+yy> _ d(ad + 3% + 2 +yf) — E(ad +yg)

ds z %2
a4y — gy 3+ a9+ ey — gy
_ y- Yy — dyy v v _o
02 i? ’

where the geodesic equations are used in the second last equality. This means
there is some constant xy such that x& + yy = xgx. Hence,

d . .
o [(z —x0)% + y2] = 2&(x — ) + 2yy = 0,

which implies there is some positive constant r such that (z — x¢)? + y? = 72,

i.e. it is a half circle with radius r centered at (zg,0).

4 Appendix

Suppose M is a smooth manifold, p is a point in M, and z = (z!,...,2") : U —
R™ is a coordinate chart on a neighbourhood around p. For any differentiable
function f: U — R, fox™!:2(U) — R is a differentiable function defined on
a flat n-dimensional domain z(U). Thus, partial derivatives 0;(f o 71|y is
well-defined, for j = 1,...,n. Using this, the partial derivative of f at p with
respect to 27 is defined to be

of _
@b =0;(fox™")|ap)-

And the differential operator is defined to be the functional % lp: C>®(p) = R
mapping f — %\p, where C'*(p) is the space of (to be precise, the germs of)
smooth functions around p.

Suppose there is another chart y = (y!,...,y") : U — R"™. The chain rule

can be rewritten in terms of the differential operators according to the new

definition as the following. For j =1,...,n
of _ _ _
aiyﬂp:aj(foy 1)|y(p):aj(foz 1Oxoy 1)|y(p)
- P af = oz
:az(fo,']} 1)|1;(p)aj(mzoy 1)|y(p) = %'Paiyj‘l”

where the third identity is the original chain rule, and the first and last identity
are by the new definitions of the differential operators. And hence,

o or 0

9yl Oyl O’
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