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This tutorial notes is a supplement to the course PHYS3033 General Rela-
tivity on a more detail and mathematically flavored introduction on differential
geometry of real smooth n-dimensional manifold. The first section is a review
on the basics of a smooth manifold, including tangent and cotangent spaces in
the form of differential operators and differential forms, tensor bundles, tensor
fields and their local index representation as well as the rule of transformation.
It is followed by the second section, which is the main focus of this notes, dis-
cussing the differential aspect of geometry in the language of a tensor operator
known as the connection or equivalently, the Christoffel symbols. Topics such as
covariant differentiation, horizontal vector fields, parallelism, and geodesic are
described. The concept of torsion and curvature in both operator and tensorial
form are defined, some of their algebraic and differential properties are shown,
and the Ricci tensor and scalar curvature are derived from the curvature, which
is essential in the study of relativity, since they help defining the Einstein ten-
sor in the gravitational field equation. Finally, the third section of Riemannian
geometry is a study of length and angle measurments on (the tangent space of)
a manifold in the language of a (pseudo-) metric. Its implication, namely the
unique Riemannian or Levi-Civita connection, on the geometry of the manifold
is mentioned. The section will end by a simple illustration of the metric and
the geometry of the sphere S2 in R3. [1, 2, 3] are standard reference texts for a
more complete and general understanding on differential geometry.

1 Differentiable Manifolds

The objects studied in differentiable geometry are smooth manifolds, for exam-
ple a sphere, a torus (do-nut), a saddle or a hyperboloid. Before we could inves-
tigate the geometric characteristics of these objects, we would need to develop
a rigorous language describing a manifold. Like most objects in mathematics,
manifolds are sets. For instance, the 2-dimensional unit sphere embedded in
our 3-dimensional space is the set S2 =

{
(x, y, z) : x2 + y2 + z2 = 1

}
. In order

to discuss the shape of a manifold, it is assumed to be a topological space. For
example, the open sets of the sphere S2 are in the form Ω = Ω0 ∩ S2, where Ω0
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is an open set in R3. For a quick review on the basic of topology, the readers
are referred to the standard undergraduate textbook [4]. In general relativity,
we rarely have to worry about the topology of space-time since the emphasis
is on local properties (like curvature) and a local domain is usually topological
trivial (except around a singularity like a blackhole).

Obviously, a manifold should be able to be characterized by its dimension.
For example, a sphere, a saddle and a torus are of dimension two since they are
surfaces. Any curves are 1-dimensional manifolds. The space-time manifold is
of dimension four. Dimension is a concept originated from linear algebra, where
the objects of consideration are vector spaces such as the linear spaces Rn. In
geometry however, manifolds are curved space. Binary operations like vector
addition or scalar multiplication are not built-in properties of a manifold, and
hence it lacks the concept of a basis. To generalized the notion of dimensionality,
we first have to visualize a manifold locally as an open domain inside a linear
space of the same dimension. Take the sphere again as an example. We may
project the upper sphere S2

+ =
{
(x, y, z) ∈ S2 : z > 0

}
onto the flat xy-plane

by the bijective bicontinuous function (homeomorphism) S2
+ → D2 mapping

(x, y, z) 7→ (x, y), where D2 =
{
(x, y) : x2 + y2 < 1

}
is the unit disc. This

projection is a visulization of the curved upper hemisphere as a flat disc. In
other words, we need a coordinate system to describe a manifold. However,
there may not exist a coordinate system that can cover the whole manifold due
to some topological reasons. For instance, the sphere S2 could not be visualized
by a single coordinate system. The largest covering area is the stereographic
projection which includes the whole sphere except one point. Thus in general,
we usually need more than one coordinate system to parametrize a manifold,
each system is defined on a open patch on the manifold, and the collection of
all coordinate systems covers the whole sphere. The mathematical definition of
a manifold is defined in the following.

Definition of a topological manifold: A topological spaceM is a (real topo-
logical) manifold of dimension n if there is a collection of homeomorphisms
{xj : Uj → xj(Uj) ⊆ Rn}j where Uj are open sets in M such that the col-
lection {Uj}j covers the whole topological space.

Each coordinate system xj : Uj → Rn is called a chart, and the collection of
charts {xj : Uj → Rn}j is known as an atlas.

Of course, it is possible for a local domain to be parametrized by more than
one chart. For example, the right hemisphere S2

R =
{
(x, y, z) ∈ S2 : y > 0

}
could

be parametrized by the coordinate charts p : (x, y, z) 7→ (x, z) and s : (x, y, z) 7→
(θ, φ), where θ, φ are angles in the spherical coordinate system, i.e. θ = cos−1 z
and φ = tan−1 y/x. The coordinate transformation between two charts is
called a transition. In this case, transitions are the homeomorphisms p ◦ s−1 :
(0, π) × (−π/2, π/2) → D2 mapping (θ, φ) 7→ (x, y) = (sin θ cosφ, sin θ sinφ) or
its inverse s◦p−1 : (x, y) 7→ (θ, φ) = (cos−1

√
1− x2 − y2, tan−1 y/x). Note that

all transitions are maps between flat domains, and since charts are assumed to
be homeomorphisms, all transitions must also be homeomorphisms. Differen-
tiability of a manifold is defined by the differentiability of the transitions.
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Definition of a differentiable manifold: A (real topological) manifold M
is said to be differentiable or smooth if it is equipped with an atlas
{xj : Uj → xj(Uj) ⊆ Rn}j such that all transistions tji = xi ◦x−1

j : xj(Ui∩
Uj) → xi(Ui ∩ Uj) are differentiable for non-empty Ui ∩ Uj .

The corresponding atlas is called a differentiable structure of the manifold. Here
like most textbook on differential geometry, differentiability and smoothness
means the capability of differentiation for an indefinite number of times.

No matter in physics or mathematics, eventually we want to study functions
on differentiable manifolds, such as the energy density distribution in our curved
space-time, which is a real-valued function on a manifold. In most situations,
we would expect the maps we encounter are smooth or differentiable (or at least
mollifiable by differentiable approximations). A real-valued function f : M → R
on a smooth manifold M is said to be differentiable if for any chart xj : Uj → Rn

of M , f ◦ x−1
j : xj(Uj) → R is differentiable. A function between manifolds

f : M → N is said to be differentiable if for any charts xi : Ui → Rm and
yj : Vj → Rn of M and N respectively, suppose f(Ui) ∩ Vj is non-empty,
yj ◦ f ◦ x−1

i : xi(Ui ∩ f−1(Vj)) → yj(f(Ui) ∩ Vj) is differentiable. A bijective
bi-differentiable map between manifolds f : M → N is called a diffeomorphism,
and in this case, the manifolds M and N are said to be diffeomorphic, denoted
by M ≈ N .

1.1 Tangent and cotangent Space

The tangent space of any point on a sphere can be easily found out by using the
normal of the sphere at that point. The tangent plane would then be the plane
of the same normal containing the particular point. However, this conventional
concept of tangent space is not useful in general relativity or instrinsic geometry.
The existence of normal vectors is a result from the fact that the sphere is
embedded inside a larger space, namely the 3-dimensional Euclidean space.
Einstein theory of relativity does not assume our space-time to be a subspace
of a larger dimension object, and hence a normal is not inherited as in the case
of a sphere in R3. Besides, tangent space is actually an intrinsic property.

Suppose there is a smooth curve α : (−ε, ε) → S2 parametrized by time
t on the unit sphere. A tangent vector of the curve at the point x0 = α(0)
could be the differential α̇(0) = dα

dt |t=0. Suppose there is a coordinate chart X :
(x, y, z) 7→ (u, v) around x0. Without loss of generality, assume X(x0) = (0, 0)
Then, α induces a curve α̃ = X ◦ α : t 7→ (u(t), v(t)) on the flat space R2. By
chain rule,

α̇(0) =
dX−1 ◦ α̃

dt
|t=0 =

du

dt
|t=0∂uX

−1|u=v=0 +
dv

dt
|t=0∂vX

−1|u=v=0,

where du
dt |t=0, dv

dt |t=0 are real numbers and ∂uX
−1|u=v=0, ∂vX

−1|u=v=0 are tan-
gent vectors. Since all tangent vectors must be in the form of A∂uX

−1|u=v=0 +
B∂vX

−1|u=v=0, where A,B are real scalars, and the (affined) tangent space at
x0 is the span of

{
∂uX

−1|u=v=0, ∂vX
−1|u=v=0

}
. Since the tangent space is of
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dimension two, ∂uX
−1|u=v=0, ∂vX

−1|u=v=0 must form a basis of the tangent
space.

To generalized a tangent space to an intrinsic concept, we could replace
∂uX

−1|u=v=0, ∂vX
−1|u=v=0 by the differential operators ∂u|x0 , ∂v|x0 respec-

tively, and the (generalized) tangent space is the span of the differential op-
erators. (For a rigorous definition of these differential operators, please refer to
the Appendix.) The linear independence of ∂u|x0 , ∂v|x0 can be checked easily.
Moreover, we do not have to worry whether this definition of tangent space de-
pends on the choice of coordinate charts or not. For instance, if there is another
chart Y : (x, y, z) 7→ (u′, v′) around x0, then by chain rule,

∂

∂u′
|x0 =

∂u

∂u′
|x0

∂

∂u
|x0 +

∂v

∂u′
|x0

∂

∂v
|x0 ,

∂

∂v′
|x0 =

∂u

∂v′
|x0

∂

∂u
|x0 +

∂v

∂v′
|x0

∂

∂v
|x0 .

And hence, span
{
∂u|x0 , ∂v|x0

}
= span

{
∂u′ |x0 , ∂v′ |x0

}
.

So in general for a smooth manifold, the definition of tangent space at a
point is described by the following.

Definition of tangent space: For M is a smooth manifold, p is a point in
M , suppose x = (x1, . . . , xn) : U → Rn is a coordinate chart on a neigh-
bourhood of p, the tangent space at p is defined to be the vector space,
TpM = span

{
∂

∂x1 |p, . . . , ∂
∂xn |p

}
.

(Again, for a rigorous definition of the differential operators, please refer to
Appendix.) If α : (−ε, ε) → M is a curve on a smooth manifold M , p = α(0),
x = (x1, . . . , xn) : U → Rn is a coordinate chart on a neighbourhood of p, then
the tangent vector of α at the point p = α(0) is

α̇(0) =
dxj ◦ α
dt

|t=0
∂

∂xj
|p,

where Einstein summation notation is adopted for j running from 1 to n. And
this definition is independent from the choice of coordinate charts. Suppose
there is another chart y = (y1, . . . , yn) : U → Rn. By chain rule, for i = 1, . . . , n,

∂

∂yi
|p =

∂xj

∂yi
|p

∂

∂xj
|p

(see Appendix). And hence, the tangent vector of the curve α is

α̇(0) =
dxj ◦ α
dt

|t=0
∂

∂xj
|p

=
d(xj ◦ y−1 ◦ y ◦ α)

dt
|t=0

∂

∂xj
|p = ∂i(xj ◦ y−1)|y(p)

dyi ◦ α
dt

|t=0
∂

∂xj
|p

=
dyi ◦ α
dt

|t=0
∂xj

∂yi
|p

∂

∂xj
|p =

dyi ◦ α
dt

|t=0
∂

∂yi
|p,
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or equivalently dxj◦α
dt |t=0 = dyi◦α

dt |t=0
∂xj

∂yi |p. Similarly, we obtained the con-
travariant rule of transformation of a tangent vector (contravariant vector). By
writing x′ = y, a tangent vectorXp at the point p can be written as the following
forms.

Xp = Xi
p

∂

∂xi
|p = Xi

p

∂x′j

∂xi
|p

∂

∂x′j
|p = X ′j

p

∂

∂x′j
|p,

where X ′j
p = Xi

p
∂x′j

∂xi |p.
Suppose V is a real vector space with a basis {e1, . . . , en}. The dual space

of V , denoted by V ∗ is defined to be the space of linear functionals L : V → R.
For j = 1, . . . , n, we could define the functional ej : V → R mapping v 7→ vj , for
any vector v = vjej in V , where vj are real scalars. In other words, ej(ei) = δj

i .
Then, every functional L : V → R can be expressed as L = L(ej)ej , since
for any vector v in V , L(v) = L(vjej) = L(ej)vj = L(ej)ej(v). Therefore,
the dual space V ∗ is the span of

{
e1, . . . , en

}
. Clearly, e1, . . . , en are linearly

independent, and thus form a basis of V ∗. This basis is called the canonical
basis of the dual space with respect to the basis {e1, . . . , en} of V .

The cotangent space at a point p of a smooth manifold is defined to be
the dual space of the tangent space TpM , and is denoted by T ∗pM . Suppose
x = (x1, . . . , xn) : U → Rn is a coordinate chart on a neighbourhood of p, then{

∂
∂x1 |p, . . . , ∂

∂xn |p
}

is a basis of TpM . The canonical basis of T ∗pM is denoted
by
{
dx1

p, . . . , dx
n
p

}
. This means dxj

p

(
∂

∂xi |p
)

= δj
i . There is one remark about

dual spaces. The dual space of V ∗ is V itself, and hence the dual space of T ∗pM
is TpM .

Now, suppose there is another coordinate chart x′ = (x′1, . . . , x′n) : U → Rn.
We have another basis

{
∂

∂x′j |p
}

j
of TpM , and its corresponding canonical basis{

dx′jp
}

j
of T ∗pM . For any tangent vector Xp in TpM , for j = 1, . . . , n,

dx′
j
p(Xp) = dx′

j
p

(
X ′k

p

∂

∂x′k
|p
)

= X ′k
pδ

j
k = X ′j

p = Xi
p

∂x′j

∂xi
|p.

Since Xi
p = dxi

p(Xp), we have

dx′
j
p(Xp) =

∂x′j

∂xi
|pdxi

p(Xp),

in other words, we obtained the chain rule of the differential form

dx′
j
p =

∂x′j

∂xi
|pdxi

p.

If ωp is a cotangent vector (covariant vector) in T ∗pM , it can be expressed in
either coordinate systems as the following.

ωp = ω′pjdx
′j
p = ω′pj

∂x′j

∂xi
|pdxi

p = ωpidx
i
p,

where ωpi = ω′pj
∂x′j

∂xi |p, which is the covariant rule of transformation.
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Suppose V and W are vector spaces with bases {e1, . . . , em} and {f1, . . . , fn}
respectively. Their tensor space is defined to be the real vector space V ⊗W =
span {ei ⊗ fj : i = 1, . . . ,m, j = 1, . . . , n}. Hence, V ⊗W is of dimension mn.
The tensor product ⊗ : V ×W → V ⊗W is defined to be the multi-linear (but
not linear) function mapping (v, w) 7→ v⊗w = viwjei⊗fj . By iteration, we may
define the tensor space V1 ⊗ . . .⊗ Vk of k vector spaces, and the corresponding
tensor product (v1, . . . , vk) 7→ v1 ⊗ . . . ⊗ vk. Applying the definition of tensor
product, we may derive from the tangent and cotangent space, the tensor space
⊗sTpM ⊗r T

∗
pM = TpM ⊗ . . .⊗ TpM︸ ︷︷ ︸

s

⊗T ∗pM ⊗ . . .⊗ T ∗pM︸ ︷︷ ︸
r

.

A vector inside the tensor space ⊗sTpM ⊗r T
∗
pM is in the form of

Tp = Tp
j1...js

i1...ir

∂

∂xj1
|p ⊗ . . .⊗ ∂

∂xjs
|p ⊗ dxi1

p ⊗ . . .⊗ dxir
p .

Under a change of coordinate x→ x′, the chain rule implies

Tp = Tp
j1...js

i1...ir

∂

∂xj1
|p ⊗ . . .⊗ dxir

p

= Tp
j1...js

i1...ir

∂x′l1

∂xj1
|p . . .

∂x′ls

∂xjs
|p
∂xi1

∂x′k1
|p . . .

∂xir

∂x′kr
|p

∂

∂x′l1
|p ⊗ . . .⊗ dx′

kr

p

= T ′p
l1...ls

k1...kr

∂

∂x′l1
|p ⊗ . . .⊗ dx′

kr

p ,

where T ′p
l1...ls
k1...kr

= Tp
j1...js

i1...ir

∂x′l1

∂xj1 |p . . .
∂x′ls

∂xjs |p ∂xi1

∂x′k1
|p . . . ∂xir

∂x′kr
|p.

After discussing tangent and cotangent spaces, let us turn to functions be-
tween manifolds, and see how they induce maps between tangent spaces. Sup-
pose f : M → N is a differentiable function between smooth manifolds, p
is a point in M , V is an open domain in N containing f(p), U = f−1(V ),
x = (x1, . . . , xm) : U → Rm is a chart of M , and y = (y1, . . . , ym) : V → Rn

is a chart of N . Then, the map F : y ◦ f ◦ x−1 : x(U) → y(V ) is a differen-
tiable function between flat spaces, for which x(U) ⊆ Rm and y(V ) ⊆ Rn. Let
F = (F 1, . . . , Fn), where F 1, . . . , Fn are real-valued functions, the differential
of F at x(p) is a matrix

dF |x(p) =

 ∂1F
1|x(p) · · · ∂mF

1|x(p)

...
...

∂1F
n|x(p) · · · ∂mF

n|x(p)


n×m

,

which may be viewed as a linear map dF |x(p) : Rm → Rn mapping v = viei 7→
dF |x(p)(v) = vi∂iF

je′j , where {ei}i is the usual basis for Rm and {e′j}j is the
usual basis for Rn. Using this, we may define a linear function f∗p : TpM →
Tf(p)N such that for any tangent vector Xp = Xi

p
∂

∂xi |p,

f∗pXp = Xi
p∂iF

j |x(p)
∂

∂yj
|f(p).
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By chain rule, one may straightforwardly check that the definition of f∗p is
independent from the choice of coordinate charts x and y. This linear map
f∗p : TpM → Tf(p)N is known as the differential or push-forward of f at p.

Let α : (−ε, ε) → M be a curve on M that generates Xp at α(0) = p, i.e.
α̇(0) = Xp. It induces a new curve β = f ◦ α on N . Then,

f∗p(α̇(0)) = f∗pXp = Xi
p∂iF

j |x(p)
∂

∂yj
|f(p)

=
dxi ◦ α
dt

|t=0∂i(yj ◦ f ◦ x−1)|x(p)
∂

∂yj
|f(p) =

dxi ◦ α
dt

|t=0
∂(yj ◦ f)
∂xi

|p
∂

∂yj
|f(p)

=
dyj ◦ f ◦ α

dt
|t=0

∂

∂yj
|f(p) =

dyj ◦ β
dt

|t=0
∂

∂yj
|f(p) = β̇(0).

The differential can also be extended to the linear map between tensor spaces
f∗p : ⊗rTpM → ⊗rTf(p)N mapping

Xp ⊗ Yp ⊗ . . .⊗ Zp 7→ f∗pXp ⊗ f∗pYp ⊗ . . .⊗ f∗pZp.

The differentiable f : M → N can also induce a linear map f∗ : T ∗f(p)N →
T ∗pM (beware of the order) known as the pull-back of f . The definition is for
any cotangent vector ωf(p) in T ∗f(p)N , the pull-back map this to the cotangent
vector (f∗ω)p in T ∗pM , which is a linear functional mapping

Xp 7→ (f∗ω)p(Xp) = ωf(p)(f∗pXp).

By using the definition of the push-forward of f ,

(f∗ω)p(Xp) = ωf(p)(f∗pXp) = ωf(p)j
dyj

f(p)

(
Xi

p∂iF
k|x(p)

∂

∂yk
|f(p)

)

= ωf(p)j
Xi

p∂iF
k|x(p)dy

j
f(p)

(
∂

∂yk
|f(p)

)
= ωf(p)j

Xi
p∂iF

k|x(p)δ
j
k

= ωf(p)j
Xi

p∂iF
j |x(p) = ωf(p)j

∂iF
j |x(p)dx

i
p(Xp).

In other words, the pull-back of ωf(p) is

(f∗ω)p = ωf(p)j
∂iF

j |x(p)dx
i
p.

Similarly, the pull-back f∗ : ⊗rT
∗
f(p)N → ⊗rT ∗p M can also be defined on

tensor spaces mapping

ωf(p) ⊗ ξf(p) ⊗ . . .⊗ ψf(p) 7→ (f∗ω)p ⊗ (f∗ξ)p ⊗ . . .⊗ (f∗ψ)p.

Their is one remark about the order of composition of push-forward and
pull-back. If f : M → N and g : N → K are differential functions between
smooth manifolds, then for any point p in M , (g ◦ f)∗p = g∗f(p) ◦ f∗p but
(g ◦ f)∗ = f∗ ◦ g∗. The difference in ordering of composition is the distinction
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between contravariant functors (e.g. push-forward) and covariant functors (e.g.
pull-back) in categorial algebra.

Lastly, may be not in the content of the general theory of relativity, the
concept of a submanifold is commonly encountered in many fields in physics,
such as the Liouville’s theorem of an integrable classical mechanical system,
some constraint problems in Statistical mechanics and quantum mechanics. A
differentiable map f : M → N between smooth manifolds is said to be an
immersion if for any point p in M , the push-forward f∗p : TpM → Tf(p)N is
injective. (As a direct result, N must be of larger dimension than M .) f : M →
N is said to be an imbedding if it is an injective immersion, and is denoted by
f : M ↪→ N . In this case, M (usually treated as a subset of N) is called a
submanifold of N . For example, a sphere, a saddle and a torus is a submanifold
inside R3.

1.2 Tensors

The tangent and cotangent bundle of a smooth manifold M is defined to be
the disjoint union of tangent and cotangent spaces over the whole manifold
respectively, and are denoted by

TM =
⋃

p∈M

TpM, T ∗M =
⋃

p∈M

T ∗pM.

The (r,s)-type tensor bundle is defined to be the disjoint union of tensor spaces

⊗rTM ⊗s T
∗M =

⋃
p∈M

⊗rTpM ⊗s T
∗
pM.

For instance, TM is the (1,0)-type tensor bundle and T ∗M is the (0,1)-type
tensor bundle. For any point p inM , the fibre space of the bundle TM at p is the
tangent space TpM , and similarly the fibre spaces of T ∗M and ⊗rTM ⊗s T

∗M
at p are T ∗pM and ⊗rTpM ⊗s T

∗
pM respectively. For every tensor bundle, there

is a natural projection π : ⊗rTM ⊗s T
∗M → M mapping Tp 7→ p, for any Tp

inside the fibre space ⊗rTpM ⊗s T
∗
pM . In other words, the fibre space could be

expressed as π−1(p) = ⊗rTpM ⊗s T
∗
pM .

Let us explore some properties of the tensor bundle. Suppose π : TM →M
is the natural projection. For any coordinate chart x : U → Rn ofM , a canonical
bijection Φx : π−1(U) → U ×Rn can be induced such that for any point p in U ,
for any tangent vector Xp = Xi

p
∂

∂xi |p in TpM , Φx(Xp) =
(
p,Xi

pei

)
, where {ei}i

is the usual basis of Rn. This canonical bijection is known as a trivialization of
the tangent bundle over U , and defines a topology and differentiable structure
for π−1(U), which is diffeomorphic to U × Rn. Note that the topology and
differentiable structure is independent from the choice of coordinate charts.
Suppose there is another chart y : U → Rn. Then, the corresponding canonical
trivialization is Φy : π−1(U) → U × Rn mapping Xp = X ′j

p
∂

∂yj |p 7→ Φy(Xp) =(
p,X ′j

pej

)
. Combine with Φx, we have the bijection Φy ◦ Φx

−1 : U × Rn →
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U × Rn. For any vector v = viei in Rn, for any point p in U ,

Φy ◦ Φx
−1(p, v) = Φy

(
vi ∂

∂xi
|p
)

= Φy

(
vi ∂y

j

∂xi
|p

∂

∂yj
|p
)

=
(
p, vi ∂y

j

∂xi
|pej

)
,

and hence Φy ◦ Φx
−1 must be diffeomorphic since the partial derivatives ∂yj

∂xi

are differentiable functions on U and the differential of the transition function
t = y ◦ x−1 is the matrix

t∗ = dt =


∂y1

∂x1 · · · ∂y1

∂xn

...
...

∂yn

∂x1 · · · ∂yn

∂xn


n×n

,

which is always invertible. This implies the differentiable structures of π−1(U)
induces by x and y are the same. Finally, combining all differentiable patches
π−1(U) for any charts x : U → Rn of M , this gives a differentiable structure to
the whole bundle TM , which makes it a smooth manifold of dimensional 2n,
and the natural projection π : TM →M is differentiable.

Similar differentiable structure can be defined on the cotangent bundles T ∗M
and all tensor bundles ⊗rTM ⊗s T

∗M , which are of manifold dimension 2n and
n(1+ r+s) respectively. These objects are prototypes of vector bundle over M .

Definition of tensor fields: Suppose M is a smooth manifold. A (r,s)-type
tensor field over M is a differentiable map T : M → ⊗rTM ⊗s T

∗M such
that π ◦ T is the identity map, where π : ⊗rTM ⊗s T

∗M → M is the
natural projection, i.e. T : p 7→ Tp ∈ ⊗rTpM ⊗s T

∗
pM .

For instance, (1,0)-type tensors are vector fields (contravariant) and (0,1)-type
tensors are differential 1-forms (covariant). Suppose x : U → Rn is a coordinate
chart of M . Since

{
∂

∂xi1 |p ⊗ . . .⊗ ∂
∂xir |p ⊗ dxj1

p ⊗ . . .⊗ dxjs
p

}
i1...irj1...js

is a ba-
sis of the tensor space ⊗rTpM ⊗s T

∗
pM for any point p in U , the tensor T at p

can be expressed as

Tp = Tp
i1...ir

j1...js

∂

∂xi1
|p ⊗ . . .⊗ ∂

∂xir
|p ⊗ dxj1

p ⊗ . . .⊗ dxjs
p .

If we let T i1...ir
j1...js

: U → R be smooth functions mapping p 7→ Tp
i1...ir

j1...js
, and

∂
∂xi1 ⊗ . . .⊗ ∂

∂xir ⊗ dxj1 ⊗ . . .⊗ dxjs be the tensor field mapping p 7→ ∂
∂xi1 |p ⊗

. . .⊗ ∂
∂xir |p⊗ dxj1

p ⊗ . . .⊗ dxjs
p , then we may write the tensor T as a summation

of the basis tensors

T = T i1...ir
j1...js

∂

∂xi1
⊗ . . .⊗ ∂

∂xir
⊗ dxj1 ⊗ . . .⊗ dxjs . (1)

There is one remark on convention in physics and mathematics. In physics, es-
pecially general relativity, the geometric objects are usually topologically trivial
or only local properties are studied, and this means a single coordinate is al-
ready sufficient for discussion. To avoid the complication of definition, tensors
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are referred as a collection of indexed functions T i1...ir
j1...js

instead of a function
from the manifold to the tensor bundle as described above. In mathematics
however, most interesting geometric object are topologically non-trivial, and
there is no way a single coordinate chart could cover the whole manifold. Say
we need u number of charts x1, x2, . . . , xu. For each chart xα, we need a set of
functions αT i1...ir

j1...js
representing the tensor on the domain of xα. As you can see,

if u is large, the indexed convention would become very messy, and therefore
the bundle section definition T : M → ⊗rTM ⊗s T

∗M is adopted. A second
advantage the mathematics convention is the tensor rule of transformation is
already included in Eq.(1), and can be deduced by the chain rule of the differ-
ential operators. Besides, comparing the two notations, the physical indexed
convention seems inappropriate because a tensor T is a single entity and should
not be separated into individual functions T i1...ir

j1...js
.

The set of (r,s)-type tensors on M is denoted by Γ (M,⊗rTM ⊗s T
∗M) or

Dr
s(M). Denote D0

0(M) = C∞(M), Dr(M) = Dr
0(M), and Ds(M) = D0

s(M).
Clearly, Dr

s(M) is a real vector space, i.e. vector summation S + T and scalar
multiplication αT are defined in the usual way, and satisfy the necessary commu-
tative, associative and distributive rules. (Actually, it is also a C∞(M)-module,
where C∞(M) is the ring of smooth real-valued functions on M . A module is a
vector space, except the underlying field becomes an underlying ring with iden-
tity. See [5] for details.) Dr

s(M) is the prime object of study in characterizing
the geometric properties of a manifold in the differential point of view.

2 Differential Geometry

2.1 Connection and Covariant Differentiation

The mathematical language that describes the (differential) geometry of a smooth
manifold M is the connection operator.

Definition of connection: A function ∇ : D1(M)×D1(M) → D1(M) map-
ping (X,Y ) 7→ ∇XY is said to be a connection for M if it satisfies

1. (C∞(M)-linear in the 1st argument) for any vector fields X,Y, Z, for
any smooth functions f, g on M , ∇fX+gY Z = f∇XZ + g∇Y Z.

2. (R-linear in the 2nd argument) for any vector fields X,Y, Z on M ,
∇X(Y + Z) = ∇XY +∇XZ.

3. (Leibnitz’s product rule) for any vector fields X,Y , for any smooth
functions f on M , ∇X(fY ) = f∇XY + X(f)Z, where X(f) is the
smooth function on M mapping p 7→ Xp(f).

(Recall X = Xi ∂
∂xi is a differential operator, and thus X(f) = Xi ∂f

∂xi = df(X),
where df = ∂f

∂xi dx
i.)

Suppose x : U → Rn is a coordinate chart of M . For i, j = 1, . . . , n, denote
∇ ∂

∂xi

∂
∂xj = Γk

ij
∂

∂xk , where Γk
ij are smooth functions on U . This collection of

10



indexed maps Γk
ij are known as the Riemann-Christoffel symbols. They are

not tensors as they obey a different rule of coordinate transformation. Suppose
there is another chart x′ : U → Rn. Then,

Γk
ij

∂

∂xk
= ∇ ∂

∂xi

∂

∂xj
= ∇ ∂

∂xi

(
∂x′

s

∂xj

∂

∂x′s

)

=
∂x′

s

∂xj
∇ ∂

∂xi

∂

∂x′s
+

∂2x′
s

∂xi∂xj

∂

∂x′s
=
∂x′

s

∂xj
∇ ∂x′r

∂xi
∂

∂x′r

∂

∂x′s
+

∂2x′
s

∂xi∂xj

∂

∂x′s

=
∂x′

s

∂xj

∂x′
r

∂xi
∇ ∂

∂x′r

∂

∂x′s
+

∂2x′
s

∂xi∂xj

∂

∂x′s
=
∂x′

s

∂xj

∂x′
r

∂xi
Γ′trs

∂

∂x′t
+

∂2x′
s

∂xi∂xj

∂

∂x′s

=

(
∂x′

s

∂xj

∂x′
r

∂xi
Γ′trs +

∂2x′
t

∂xi∂xj

)
∂

∂x′t
=

(
∂x′

s

∂xj

∂x′
r

∂xi
Γ′trs +

∂2x′
t

∂xi∂xj

)
∂xk

∂x′t
∂

∂xk
.

Comparing coefficient of ∂
∂xk , we have

Γk
ij = Γ′trs

∂x′
r

∂xi

∂x′
s

∂xj

∂xk

∂x′t
+

∂2x′
t

∂xi∂xj

∂xk

∂x′t
. (2)

There is an alternative but equivalent version of Eq.(2) involving differential
form and no indices. The connection 1-form of the connection ∇ on U with re-
spect to the chart x : U → Rn is defined to be the n×n-matrix valued differential
1-form denoted by Γ =

(
Γi

j

)
n×n

: U → gl(n; R)⊗ T ∗U (here gl(n; R) = Rn×n is
the space (or Lie algebra) of n × n-real matrices, T ∗U is the cotangent bundle
over U), where Γi

j = Γi
sjdx

s are the real-valued differential 1-form generated by
the Chridtoffel symbols Γk

ij . Note that the differential 1-form Γ is still not a
tensor since it is defined only on the local domain U , and there is no guarantee
that it could be defined globally on M .

Consider the transition function t = x ◦ x′−1 : x′(U) → x(U) between the
charts x and x′. Its differential t∗ can be treated as a non-singular n × n-
matrix valued function t∗ : U → GL(n; R) (here GL(n; R) is the (Lie) group of
non-singular n× n-matrices) mapping

p 7→ t∗p =


∂x1

∂x′1
|p · · · ∂x1

∂x′n |p
...

...
∂xn

∂x′1
|p · · · ∂xn

∂x′n |p


n×n

.

Then by a direct manipulation, Eq.(2) can be rewritten as

Γ = t∗ · Γ′ · t−1
∗ + t∗ · d(t−1

∗ ), (3)

where d(t−1
∗ ) = ∂t−1

∗
∂xk dx

k. Or written the matrix entries explicitly,

Γi
j = Γr

s

∂xi

∂x′r
∂x′

s

∂xj
+

∂xi

∂x′r
d

(
∂x′

r

∂xi

)
.
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Suppose X and Y are vector fields on U , using the Christoffel symbols, we
may write

∇XY = ∇Xi ∂

∂xi

(
Y j ∂

∂xj

)
= Xi

(
∂Y k

∂xi
+ Y jΓk

ij

)
∂

∂xk
. (4)

For instance, if the manifold is the flat space Rn, the flat geometry is described
by the vanishing of the Christoffel symbols, i.e. Γk

ij = 0. This means for any

vector field X, Y , ∇XY = Xi ∂Y k

∂xi
∂

∂xk . If we adopt the usual basis {ej}j ,

and perform the transformation ∂
∂xj 7→ ej , then ∇XY = Xi ∂Y k

∂xi ek is just the
direction derivative of the vector field Y = Y iei along the direction X = Xiei.
However, in a curved space, the concept of parallelism differs from the Euclidean
sence. And the change of the vector field Y would not be the sole contributor to
its direction derivative. The curved geometry would also affect the value. The
extra term XiY jΓk

ij
∂

∂xk measure the geometric contribution. (Details about
parallelism would be further discussed.)

Let X be a fixed vector field on M . Using the Leibnitz product rule, the
differential operator ∇X : D1(M) → D1(M) is R-linear (i.e. treating D1(M) to
be a R-vector space rather than a C∞(M)-module). We could generalized it to
be a linear map ∇X : Dr

s(M) → Dr
s(M) on higher order tensors. Firstly, on the

space of smooth functions C∞(M) (i.e. zero order tensors), the differentiation
∇X : C∞(M) → C∞(M) is defined to mapping f 7→ ∇Xf = X(f). Recall
X = Xi ∂

∂xi is a differential operator, and hence ∇Xf = Xi ∂f
∂xi = df(X), where

df = ∂f
∂xi dx

i is a also a smooth function in C∞(M). There is no contribution
from the curved geometry as the definition is independent from the connection
1-form Γ. Secondly, the definition of the differentiation ∇X : D1(M) → D1(M)
on the space of first order covariant tensorsD1(M) can actually be deduced from
the differentiation on smooth functions and vector fields. For any differential
form ω in D1(M), for any vector field Y in D1(M), ω(Y ) is a smooth function
mapping p 7→ ωp(Yp). Since ∇X is a differential operator, it should satisfies the
Leibnitz product rule, i.e.

∇X(ω(Y )) = (∇Xω) (Y ) + ω (∇XY ) .

Since by definition ∇X(ω(Y )) = X(ω(Y )), ∇Xω must satisfies

(∇Xω) (Y ) = X(ω(Y ))− ω (∇XY ) ,

(written explicitly, X(ω(Y )) = X(ωiY
i) = Xj ∂ωi

∂xj Y
i +Xjωi

∂Y i

∂xj ) and this may
treated as the definition of the covariant tensor ∇Xω. On a local domain U
covered by the chart x, we could use the Christoffel symbols to write down the
differentiation in index form. For any vector field Y ,

(∇Xω) (Y ) = Xj ∂ωi

∂xj
Y i +Xjωi

∂Y i

∂xj
− ω (∇XY )

= Xj ∂ωi

∂xj
Y i +Xjωi

∂Y i

∂xj
− ω

(
Xi

(
∂Y k

∂xi
+ Y jΓk

ij

)
∂

∂xk

)
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= Xj ∂ωi

∂xj
Y i +Xjωi

∂Y i

∂xj
− ωkX

i

(
∂Y k

∂xi
+ Y jΓk

ij

)
= XiY j ∂ωj

∂xi
− ωkX

iY jΓk
ij = Xi

(
∂ωj

∂xi
− ωkΓk

ij

)
dxj(Y ).

And hence, by eliminating the arbitrary vector field Y ,

∇Xω = Xi

(
∂ωj

∂xi
− ωkΓk

ij

)
dxj . (5)

When compare with the differentiation of a (contravariant) vector field Eq.(4),
there is a change of sign in the term involving the Christoffel symbols.

In general, by using Leibnitz product rule, the differentiation of the tensor
Y ⊗ . . .⊗ Z ⊗ ω ⊗ . . .⊗ ξ in Dr

s(M) is defined to be

∇X (Y ⊗ . . .⊗ ξ) = (∇XY )⊗ . . .⊗ ξ + . . .+ Y ⊗ . . .⊗ (∇Xξ)

This means ∇X : Dr
s(M) → Dr

s(M) operates on tensors of any contravariant
and covariant order. Written locally in index form, the differentiation of a
(r, s)-type tensor T is (∇XT )i1...ir

j1...js

∂
∂xi1 ⊗ . . .⊗ dxjs , where

(∇XT )i1...ir

j1...js
= Xk

∂T i1...ir
j1...js

∂xk
+Xk

(
Tµi2...ir

j1...js
Γi1

kµ + . . .+ T
i1...ir−1µ
j1...js

Γir

kµ

)
−Xk

(
T i1...ir

µj2...js
Γµ

kj1
+ . . .+ T i1...ir

j1...js−1µΓµ
kjs

)
. (6)

The tensor product ⊗ maps lower order tensors to higher order one. There
is another binary operator c known as the contraction mapping higher order
tensors to lower order one. Consider the two tensors spaces Dr

s(M) and Dt
u(M).

If s ≥ t, then the contraction is the map c : Dr
s(M) × Dt

u(M) → Dr
s−t+u(M)

mapping (S, T ) 7→ ScT = (ScT )i1...ir

j1...js−t+u

∂
∂xi1 ⊗ . . .⊗ dxjs−t+u , where

(ScT )i1...ir

j1...js−t+u
= Si1...ir

µ1...µtj1...js−t
Tµ1...µt

js−t+1...js−t+u
,

or if s ≤ t, then c : Dr
s(M)×Dt

u(M) → Dr−s+t
u (M) mapping (S, T ) 7→ ScT ,

(ScT )i1...ir−s+t

j1...ju
= Si1...ir

µ1...µs
T

µ1...µsir+1...ir−s+t

j1...ju
.

This means the lower indices of S contract with the upper indices of T untill one
of them has run out of indices. One can check that the definition is invariant
under change of coordinate charts, and hence the contraction is still a tensor.
For example, if ω is in D1(M) and X is in D1(M), then ωcX = ωiX

i = ω(X), if
ξ is in D2(M), then ξcX = ξijX

idxj , or if Y is in D2(M), then ωcY = ωiY
ij ∂

∂xj

and ξcY = ξijY
ij .

Using the contraction, we could define the covariant differential operator of
a given connection.
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Definition of covariant differentiation: The covariant differential is defined
to be the operator D : Dr

s(M) → Dr
s+1(M) mapping T 7→ DT such that

DT cX = ∇XT for any vector field X in D1(M).

Note that the definition is unique since for any local chart x : U → Rn, the co-
variant differential can be written locally in index form, DT = (DT )i1...ir

kj1...js

∂
∂xi1 ⊗

. . .⊗ ∂
∂xir ⊗ dxk ⊗ dxj1 . . .⊗ dxjs , where

T i1...ir

j1...js;k = (DT )i1...ir

kj1...js
=
∂T i1...ir

j1...js

∂xk
+ Γi1

kµT
µi2...ir

j1...js
+ . . .+ Γir

kµT
i1...ir−1µ
j1...js

−Γµ
kj1
T i1...ir

µj2...js
+ . . .+ Γµ

kjs
T i1...ir

j1...js−1µ. (7)

For instance, for any vector field X, DX =
(

∂Xk

∂xi +XjΓk
ij

)
∂

∂xk ⊗ dxi, and for

any covector field ω, Dω =
(

∂ωj

∂xi − Γk
ijωk

)
dxi ⊗ dxj .

For readers who are familiar with exterior algebra, the subspace of alternat-
ing (or skew-symmetric) tensors in ⊗sT

∗
pM is denoted by

∧
s T

∗
pM for any point

p in M . Similar to the tensor bundle ⊗sT
∗M the wedge bundle is defined to be

the disjoint union
∧

s T
∗M =

⋃
p∈M

∧
s T

∗M , and Γ (M,
∧

s T
∗M) is denoted as

the subspace of alternating tensor fields (or differential s-form) inside Ds(M) =
Γ (M,⊗sT

∗M). The exterior differential operator d : Γ (M,
∧

s T
∗M) → Γ

(
M,
∧

s+1 T
∗M
)

is defined to be d = (s+1)Alt◦d, whereAlt : Γ (M,⊗s+1T
∗M) → Γ

(
M,
∧

s+1 T
∗M
)

is the alternation, the d on the left hand side is the exterior differential, and
the d on the right hand side is the differential of tensors mapping ω 7→ dω =
∂ωj1...js

∂xk dxk ⊗ dxj1 ⊗ . . . ⊗ dxjs . In other words, for any alternting differential
form η,

dη = (s+ 1)Alt(dη) = (s+ 1)Alt
(
∂ηj1...js

∂xk
dxk ⊗ dxj1 ⊗ . . .⊗ dxjs

)

= (s+ 1)
∂ηj1...js

∂xk
Alt

(
dxk ⊗ dxj1 ⊗ . . .⊗ dxjs

)
=

s+ 1
(s+ 1)!

∂ηj1...js

∂xk
dxk ∧ dxj1 ∧ . . . ∧ dxjs

=
∑

j1<...<js

n∑
k=1

∂ηj1...js

∂xk
dxk ∧ dxj1 ∧ . . . ∧ dxjs .

Now, we could define the covariant differential operator D on Γ (M,
∧

s T
∗M)

similarly mapping η 7→ Dη = (s + 1)Alt(Dη), where the D on the left hand
side of the equation is the exterior covariant differential operator on differential
forms, and the D on the right hand side of the equation is the covariant dif-
ferential operator on tensors described before. For a simple review on exterior
algebra, differential forms, alternation and wedge product, the readers could
refer to [6].
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2.2 Parallel Displacement and Geodesic

Suppose X is a fixed vector field on the smooth manifold M equipped with a
connection ∇. A tensor field T in Dr

s(M) is said to be horizontal with respect to
X if it satisfies the linear differential equation DT cX = ∇XT = 0. This means
Eq.(6) is zero. There are in a total nr+s equations and T has nr+s components,
and hence ∇XT = 0 has a non-empty solution set for T . In this section, we
shall focus only on vector fields for simplicity, but similar arguments could be
applied to tensors of arbitrary orders.

Let α : (−t0, t0) →M is a smooth curve on M . For every t in (−t0, t0), α̇(t)
is a tangent vector inside Tα(t)M , and hence α̇ : (−t0, t0) → TM is a vector
field on M mapping t 7→ α̇(t).

Definition of horizontal vector field: A vector Y in D1(M) is said to be
horizontal with respect to the curve α if DY

dt = ∇α̇Y = 0 along the curve.

For simplicity, let assume the curve could be covered by a single coordinate chart
x : U → Rn (otherwise coordinate transformation should be applied whenever
necessary). The tangent can be written as α̇(t) = dxi◦α

dt (t) ∂
∂xi |α(t). And hence,

the vanishing of the covariant derivative means (for simplicity, write xi = xi ◦α
and Y i = Y i ◦ α as functions of t)

DY

dt
=
dxi

dt

(
∂Y k

∂xi
+ Y jΓk

ij

)
∂

∂xk
=
(
dY k

dt
+
dxi

dt
Γk

ijY
j

)
∂

∂xk
= 0, (8)

i.e. we have the first order differential system
(

d
dt + dxi

dt Γk
ij

)
Y j = 0.

By the fundamental theorem of differential system, given any tangent vector
Y0 at the point α(0) (tangential to the manifold but not necessarily to the curve
α), there is a unique vector field Y (t) satisfying Eq.(8) and the initial condition
Y (0) = Y0. This curve Y : t 7→ Y (t) on the tangent bundle TM is known as the
horizontal lifting of α with respect to the fixed initial vector Y0. The terminology
horizontal refers to the fact that Y satisfies the geometric governing equation
Eq.(8), and lifting means the curves α and Y are related by π ◦ Y = α, where
π : TM →M is the canonical projection.

Definition of parallel displacement: The parallel displacement by the curve
α is defined to be the vector space isomorphism, also denoted by the
symbol of the curve, α0→t : Tα(0)M → Tα(t)M mapping Y0 7→ Y (t) as
described above.

The parallel displacement operator acts as a transporting agent that transports
an initial vector Y0 at α(0) parallelly to a final vector Y (t) at α(t). From
Eq.(8), a horizontal vector field in a flat space is a constant vector field. This
reduces to the common knowledge of parallelism in Euclidean space, i.e. the
parallel displacement of a vector along a curve is the transportation of vector
parallel to the starting one. Except in non-Euclidean geometry, due to the non-
vanishing Christoffel symbols, parallelism is not characterized by the constancy
of a vector.
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Definition of geodesic curves: A curve α is a geodesic if its tangent is hor-
izontal along itselt, i.e. Dα̇

dt = ∇α̇α̇ = 0.

Written in local coordinate x = (x1, . . . , xn) : U → Rn, this means (again for
simplicity, write xi = xi ◦ α as a function of t)

Dα̇

dt
=
(
d2xk

dt2
+ Γk

ij

dxi

dt

dxj

dt

)
∂

∂xk
= 0, (9)

i.e. the second order differential system d2xk

dt2 + Γk
ij

dxi

dt
dxj

dt = 0. In flat space,
Eq.(9) implies the tangent of a geodesic is constant, i.e. it is a straight line.

Although this geodesic description seems differs from the common calculus of
variation interpretation of the shortest curve between two points, this differential
geometric definition is a more general one. In the later Riemannian geometry
section, when the manifold equips a metric, the length of a curve could be
discussed. One may check a geodesic with respect to the Riemannian connection
is (locally) the shortest path between two points.

2.3 Lie differentiation, Torsion and Curvature

Suppose X, Y are vector fields in D1(M). Recall they are differential operators,
and hence we can consider their composition

X ◦ Y = Xi ∂

∂xi

(
Y j ∂

∂xj

)
= XiY j ∂2

∂xi∂xj
+Xi ∂Y

j

∂xi

∂

∂xj
,

Y ◦X = XiY j ∂2

∂xi∂xj
+ Y i ∂X

j

∂xi

∂

∂xj
.

These are not vector fields since they are second order differential operators.
However, their difference is first order and obey the tensor rule of transforma-
tion, and hence is a vector field.

Definition of Lie bracket: The Lie bracket on vector field is defined to be
the R-bilinear map [∗, ∗] : D1(M)×D1(M) → D1(M) mapping (X,Y ) 7→
[X,Y ] = X ◦ Y − Y ◦X.

Written in index form,

[X,Y ] =
(
Xi ∂Y

j

∂xi
− Y i ∂X

j

∂xi

)
∂

∂xj
. (10)

The covariance of the Lie bracket is already guaranteed by its definition. If one
prefers to check it explicitly, for each coefficient,

Xi ∂Y
j

∂xi
− Y i ∂X

j

∂xi
= X ′i ∂

∂x′i

(
Y ′k ∂x

j

∂x′k

)
− Y ′i ∂

∂x′i

(
X ′k ∂x

j

∂x′k

)

=

(
X ′i ∂Y

′k

∂x′i
− Y ′i ∂X

′k

∂x′i

)
∂xj

∂x′k
+X ′iY ′k ∂2xj

∂x′i∂x′k
−X ′kY ′i ∂2xj

∂x′i∂x′k
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=

(
X ′i ∂Y

′k

∂x′i
− Y ′i ∂X

′k

∂x′i

)
∂xj

∂x′k
.

Below are some properties of the Lie bracket that the reader could check
straightforwardly.

1. As stated in the definition, the Lie bracket is R-bilinear, i.e. for any
vector fields X, Y and Z, for any real scalars a and b, [aX + bY, Z] =
a[X,Z] + b[Y, Z] and [X, aY + bZ] = a[X,Y ] + b[X,Z].

2. It is alternating, i.e. for any vector fields X and Y , [X,Y ] = −[Y,X].

3. (Jacobi’s identity) For any vector fieldsX, Y and Z, [[X,Y ], Z]+[[Y, Z], X]+
[[Z,X], Y ] = 0.

4. (Leibnitz product rule) For any vector fields X and Y , for any smooth
functions f , [fX, Y ] = f [X,Y ]−Y (f)X and [X, fY ] = f [X,Y ] +X(f)Y .

(Recall X, Y are differential operators and X(f) = df(X), Y (f) = df(Y ).) The
first three identities are the properties that any Lie bracket should possess in
any Lie algebra. The last identity implies the operator LX : D1(M) → D1(M)
mapping Y 7→ LXY = [X,Y ] is a derivation, i.e. is R-linear and satisfies
the Leibniz product rule. The differential operator LX is known as the Lie
differentiation. (The reason for the name differentiation would be skipped as it
inolves the concept of a 1-parameter group of transformation generated by X,
which is not discussed in this notes. For detail, please refer to [3].)

Note that the Lie bracket and Lie differentiation can be defined in any
smooth manifold independent from a connection since the Christoffel symbols
are not used in the definition, and hence these are not relevant to the differential
geometric property of a manifold. However, with the help of the Lie bracket,
two important (particularly the latter one) characterizations of the geometry of
a manifold can be defined.

Definition of torsion: With respect to a connection ∇, the torsion is an op-
erator T : D1(M) ×D1(M) → D1(M) such that for any vector fields X
and Y , T (X,Y ) = ∇XY −∇Y X − [X,Y ]

Write EndC∞(M)

(
D1(M)

)
to be the space of all endomorphisms on D1(M) (i.e.

C∞(M)-linear D1(M) → D1(M) maps).

Definition of curvature: With respect to a connection ∇, the curvature is an
operator R : D1(M)×D1(M) → EndC∞(M)

(
D1(M)

)
mapping (X,Y ) 7→

R(X,Y ) = ∇X∇Y −∇Y ∇X −∇[X,Y ].

In other words, for any vector field Z, R(X,Y )Z = ∇X∇Y Z − ∇Y ∇XZ −
∇[X,Y ]Z. Let us explore some properties of the torsion and curvature operator.

Theorem 2.1 The torsion operator T : D1(M) × D1(M) → D1(M) is skew-
symmetric and C∞(M)-bilinear.
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Proof: By a simple checking, it is easy to see T is skew-symmetric, i.e.
T (X,Y ) = −T (Y,X). Clearly, by the property of the connection T (X+Y, Z) =
T (X,Z) + T (Y,Z). For any smooth function f in C∞(M),

T (fX, Y ) = ∇fXY −∇Y (fX)− [fX, Y ]

= f∇XY − f∇Y X − Y (f)X − f [X,Y ] + Y (f)X

= f (∇XY −∇Y X − [X,Y ]) = fT (X,Y ).

Thus, T is C∞(M)-bilinear. Q.E.D.
This theorem implies T can be treated as a (1,2)-type tensor in D1

2(M).
Define T k

ij
∂

∂xk = T
(

∂
∂xi ,

∂
∂xj

)
, or equivalently, T k

ij = dxkcT
(

∂
∂xi ,

∂
∂xj

)
. Since it

satisfies the transformation rule

T k
ij = dxk

(
T

(
∂

∂xi
,
∂

∂xj

))
=
∂xk

∂x′t
dx′

t
(
T

(
∂x′

r

∂xi

∂

∂x′r
,
∂x′

s

∂xj

∂

∂x′s

))

=
∂x′

r

∂xi

∂x′
s

∂xj

∂xk

∂x′t
dx′

t
(
T

(
∂

∂x′r
,
∂

∂x′s

))
=
∂x′

r

∂xi

∂x′
s

∂xj

∂xk

∂x′t
T ′

t
rs,

if we write T = T k
ij

∂
∂xk ⊗ dxi ⊗ dxj on each local chart x of M , then it is a

(1,2)-type tensor defined globlally on M . (To be more specific, T is a vector-
valued differential 2-form since T k

ij = −T k
ji, i.e. T = ∂

∂xk ⊗ T k, for which each
component is a differential 2-form T k =

∑
i<j T

k
ijdx

i ∧ dxj , where dxi ∧ dxj =
dxi ⊗ dxj − dxj ⊗ dxi.) This tensor is called the torsion tensor.

Written in terms of the Christoffel symbols,

T k
ij

∂

∂xk
= ∇ ∂

∂xi

∂

∂xj
−∇ ∂

∂xj

∂

∂xi
−
[
∂

∂xi
,
∂

∂xj

]

=
(
Γk

ij − Γk
ji

) ∂

∂xk
,

since [ ∂
∂xi ,

∂
∂xj ] = 0. This means

T k
ij = Γk

ij − Γk
ji. (11)

As expected, torsion vanishes in flat spaces.
After studying the torsion tensor, let turn to curvature. While the torsion

operator is a first order differential of vector fields, curvature is a second order
operation. The reader may check straightforwardly that for any vector fields
X, Y and Z, R(X,Y )Z = DDZc (X ⊗ Y − Y ⊗X), where D is the covariant
differential operator. Hence, we may interpret the curvature as D2.

Theorem 2.2 For any vector fields X and Y , R(X,Y ) : D1(M) → D1(M) is
C∞(M)-linear.
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Proof: For any smooth function f in C∞(M), for any vector field Z,

R(X,Y )fZ = ∇X∇Y (fZ)−∇Y ∇X(fZ)−∇[X,Y ](fZ)

= ∇X (f∇Y Z + Y (f)Z)−∇Y (f∇XZ +X(f)Z)− f∇[X,Y ]Z − ([X,Y ](f))Z

= f∇X∇Y Z +X(f)∇Y Z + Y (f)∇XZ +X ◦ Y (f)Z − f∇Y ∇XZ − Y (f)∇XZ

−X(f)∇Y Z − Y ◦X(f)Z − f∇[X,Y ]Z −X ◦ Y (f)Z + Y ◦X(f)Z

= f∇X∇Y Z − f∇Y ∇XZ − f∇[X,Y ]Z = fR(X,Y )Z.

Thus, R(X,Y ) : D1(M) → D1(M) is an endomorphism of the C∞(M)-module
D1(M). Q.E.D.

Note that every endomorphism E in EndC∞(M)

(
D1(M)

)
corresponds to

a unique (1,1)-type tensor in D1
1(M). Define Ei

j
∂

∂xi = E
(

∂
∂xj

)
, i.e. Ei

j =
dxicE

(
∂

∂xj

)
. Since E is C∞(M)-linear, Ei

j satisfies the tensor transformation

Ei
j = dxi

(
E

(
∂

∂xj

))
=

∂xi

∂x′k
dx′

k

(
E

(
∂x′

l

∂xj

∂

∂x′l

))

=
∂xi

∂x′k
∂x′

l

∂xj
dx′

k
(
E

(
∂

∂x′l

))
=

∂xi

∂x′k
∂x′

l

∂xj
dx′

k
(
E′

u
l

∂

∂x′u

)

=
∂xi

∂x′k
∂x′

l

∂xj
E′

u
l δ

k
u =

∂xi

∂x′k
∂x′

l

∂xj
E′

k
l ,

if we set E = Ei
j

∂
∂xi ⊗ dxj on all local charts x, this defines a global (1,1)-

tensor E in D1
1(M). Conversely, for any (1,1)-tensor T in D1

1(M), it defines an
endomorphism T : X 7→ T (X) = T cX = T i

jX
j ∂

∂xi on D1(M). Hence, there is a
natural isomorphism EndC∞(M)

(
D1(M)

) ∼= D1
1(M), and the two spaces can be

treated to be the same. Apply to the curvature operator, R : D1(M)×D1(M) →
EndC∞(M)

(
D1(M)

)
= D1

1(M). Write R(X,Y ) = R(X,Y )i
j

∂
∂xi ⊗ dxj , and

define the correspondent Ri
j : D1(M)×D1(M) → C∞(M) mapping (X,Y ) 7→

Ri
j(X,Y ) = R(X,Y )i

j .

Theorem 2.3 Ri
j : D1(M)×D1(M) → C∞(M) is skew-symmetric and C∞(M)-

bilinear, i.e. Ri
j is a differential 2-form.

Proof: By a direct checking of the definition of the curvature operator, it
is obvious that R(X,Y ) = −R(Y,X). For any smooth function f in C∞(M),

R(fX, Y ) = ∇fX∇Y −∇Y ∇fX −∇[fX,Y ]

= f∇X∇Y −∇Y (f∇X)−∇(f [X,Y ]−Y (f)X)

= f∇X∇Y − f∇Y ∇X − Y (f)∇X − f∇[X,Y ] + Y (f)∇X

= f∇X∇Y − f∇Y ∇X − f∇[X,Y ] = fR(X,Y ).
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Since R is alternating, its components Ri
j must also be alternating, in other

words Ri
j(X,Y ) = −Ri

j(Y,X). Write Ri
jkl = Ri

j(
∂

∂xk ,
∂

∂xl ). Due to its C∞(M)-
bilinearity, the covariance of Ri

jkl can be checked in a similar manner as T k
ij , and

hence if we define Ri
j = Ri

jkldx
k ⊗ dxl on any local chart x, Ri

j is a (0,2)-type
tensor. Since Ri

jkl = −Ri
jlk, Ri

j =
∑

k<l R
i
jkldx

k ∧ dxl is a differential 2-form.
Q.E.D.

This means the curvature is R = ∂
∂xi ⊗ dxj ⊗ Ri

j . Written explicitly, R =
Ri

jkl
∂

∂xi ⊗ dxj ⊗ dxk ⊗ dxl on any chart x of M , i.e. the curvature R can be
treated as a global (1,3)-type tensor in D1

3(M). This tensor is known as the
curvature tensor.

Written in terms of Christoffel symbols,

Ri
jkl

∂

∂xi
= R

(
∂

∂xk
,
∂

∂xl

)
∂

∂xj

= ∇ ∂

∂xk
∇ ∂

∂xl

∂

∂xj
−∇ ∂

∂xl
∇ ∂

∂xk

∂

∂xj
−∇[ ∂

∂xk , ∂

∂xl ]
∂

∂xj

= ∇ ∂

∂xk

(
Γt

lj

∂

∂xt

)
−∇ ∂

∂xl

(
Γt

kj

∂

∂xt

)
= Γt

lj∇ ∂

∂xk

∂

∂xt
+
∂Γt

lj

∂xk

∂

∂xt
− Γt

kj∇ ∂

∂xl

∂

∂xt
−
∂Γt

kj

∂xl

∂

∂xt

=

(
∂Γt

lj

∂xk
−
∂Γt

kj

∂xl
+ Γm

lj Γt
km − Γm

kjΓ
t
lm

)
∂

∂xt
.

Or in each component,

Ri
jkl =

∂Γi
lj

∂xk
−
∂Γi

kj

∂xl
+ Γm

lj Γi
km − Γm

kjΓ
i
lm. (12)

Recall locally on the domain U of the chart x, we could define a n × n-
matrix valued connection 1-form Γ =

(
Γi

j

)
n×n

: U → gl(n; R) ⊗ T ∗U , where
Γi

j = Γi
sjdx

s. For curvature, we could treat it as a n×n-matrix valued differential
2-form R =

(
Ri

j

)
n×n

: U → gL(n; R) ⊗
∧

2 T
∗M , where Ri

j = Ri
jkldx

k ⊗ dxl =∑
k<l R

i
jkldx

k ∧dxl. This matrix valued differential 2-form is known as the cur-
vature 2-form. Hence by a straightforward computation, Eq.(12) is equivalent
to the Cartan’s structure equation

Ri
j = dΓi

j + Γi
m ∧ Γm

j , (13)

for which d is the exterior differential operator. Or in matrix form, it is simply
R = dΓ + Γ ∧ Γ, where Γ ∧ Γ =

(
Γi

m ∧ Γm
j

)
n×n

. Clearly, curvature vanishes in
flat space as Γ = 0.

Theorem 2.4 If the manifold M is equipped with a torsion free (T = 0) con-
nection, then
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1. (Jacobi’s identity) for any vector fields X, Y and Z, R(X,Y )Z+R(Y,Z)X+
R(Z,X)Y = 0, and

2. (Bianchi’s identity) DRi
j = 0, where Ri

j is the curvature 2-form and D is
the exterior covariant differential operator.

Proof: For the Jacobi’s identity,

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

+∇Y ∇ZX −∇Z∇Y X −∇[Y,Z]X +∇Z∇XY −∇X∇ZY −∇[Z,X]Y

= ∇X (∇Y Z −∇ZY ) +∇Y (∇ZX −∇XZ) +∇Z (∇XY −∇Y X)

−∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

= ∇X [Y,Z] +∇Y [Z,X] +∇Z [X,Y ]−∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

= [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0,

where the last three equalities holds because of the vanishing torsion and the
Jacobi’s identity of Lie bracket. Next, for the Bianchi’s identity, for any point
p in the manifold M , let x = (x1, . . . , xn) : U → Rn be a local chart around P
such that x(p) = 0, if we perform the coordinate transformation x 7→ x′ such
that xk = x′

k − 1
2Γk

ij(p)x
′ix′

j , where Γk
ij is the Christoffel symbols with respect

to the chart x (note that the transformation may not be invertible on the whole
domain U , but it must be invertible on a smaller neighbourhood around p), then
by the transformation Eq.(2)

Γ′kij(p) = Γt
rs(p)

∂xr

∂x′i
|p
∂xs

∂x′j
|p
∂x′

k

∂xt
|p +

∂2xt

∂x′i∂x′j
|p
∂x′

k

∂xt
|p

=
(

Γt
ij(p) +

∂2xt

∂x′i∂x′j
|p
)
∂x′

k

∂xt
|p =

(
Γt

ij(p)−
1
2
Γt

ij(p)−
1
2
Γt

ji(p)
)
∂x′

k

∂xt
|p = 0.

Now with respect with the new coordinate x′, DR′ij |p = dR′
i
j |p since Γ′(p) = 0

and by the Cartan’s structure equation Eq.(13),

dR′
i
j |p = d

(
dΓ′ij + Γ′im ∧ Γ′mj

)
|p = ddΓ′ij |p = 0.

Thus, DR′ij |p = 0. Since this is true for any point p in M , and R is a tensor,
DRi

j = 0. Q.E.D.
There are two remerks about the Bianchi’s identity. Firstly, the identity

holds even for a connection with non-vanishing torsion, but this is not the
focus in general relativity, since all Riemannian connection (will be discussed in
a later section) are torsion free. For details, please refer to [3]. Secondly, the
above Bianchi’s identity is actually the second Bianchi’s identity, and the Cartan
structure equation is one of many structure equations. The other identities could
also be found in [3]. These identities are description of the relationship between
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the matrix-valued connection 1-form, the torsion and curvature 2-forms, and
another differential 1-form called the canonical 1-form, which is skipped in this
notes.

In physics, these identities are usual expressed in index form. The Jacobi’s
identity is clearly equivalent to

Ri
jkl +Ri

klj +Ri
ljk = 0. (14)

To illustrate the Bianchi’s identity in index form, if we let DRi
j = Ri

jkl;σdx
σ ⊗

dxk ⊗ dxl, where D in here is the covariant differential operator (NOT the
exterior one). Then the exterior covariant derivative of the curvature 2-form is

DRi
j = 3Alt

(
DRi

j

)
= 3Ri

jkl;σAlt
(
dxσ ⊗ dxk ⊗ dxl

)
=

1
2
Ri

jkl;σdx
σ ∧ dxk ∧ dxl

=
1
2
Ri

jkl;σ(dxσ ⊗ dxk ⊗ dxl + dxk ⊗ dxl ⊗ dxσ + dxl ⊗ dxσ ⊗ dxk

−dxσ ⊗ dxl ⊗ dxk − dxk ⊗ dxσ ⊗ dxl − dxl ⊗ dxk ⊗ dxσ)

=
1
2
(
Ri

jkl;σ +Ri
jlσ;k +Ri

jσk;l −Ri
jlk;σ −Ri

jσl;k −Ri
jkσ;l

)
dxσ ⊗ dxk ⊗ dxl

Since Ri
j is skew-symmetric, i.e. Ri

jkl;σ = −Ri
jlk;σ, Ri

jlσ;k = −Ri
jσl;k and

Ri
jσk;l = −Ri

jkσ;l,

DRi
j =

(
Ri

jkl;σ +Ri
jlσ;k +Ri

jσk;l

)
dxσ ⊗ dxk ⊗ dxl.

And the Bianchi’s identity implies

Ri
jkl;σ +Ri

jlσ;k +Ri
jσk;l = 0. (15)

Back to the curvature operator, for any fixed vector fields Y and Z, the
map X 7→ R(X,Y )Z is an endomorphism on D1(M), and we could consider
the trace of this endomorphism, denoted by r(Y, Z) = Tr (R(∗, Y )Z). [Note
that the C∞(M)-module EndC∞(M)

(
D1(M)

)
= D1

1(M) is (locally) generated
by the C∞(M)-basis

{
∂

∂xi ⊗ dxj
}

ij
, and the trace of any (1,1)-type tensor T =

T i
j

∂
∂xi ⊗dxj is defined to be the summation Tr(T ) = T i

i . Clearly, this definition
is independent from the choice of coordinate charts, which makes the trace
the correpondent Tr : EndC∞(M)

(
D1(M)

)
→ C∞(M).] This operator r :

D1(M) ×D1(M) → C∞(M) mapping (Y, Z) 7→ r(Y,Z) is known as the Ricci
curvature. By the properties of the curvature operator theorem (2.2, 2.3), the
Ricci curvature operator is C∞(M)-bilinear, and since the space of C∞(M)-
bilinear functionals D1(M) × D1(M) → C∞(M) is isomorphic to the tensor
space D2(M), we may treat the Ricci curvature operator as a (0,2)-type tensor.
The curvature tensor is written as R = Ri

jkl
∂

∂xi ⊗ dxj ⊗ dxk ⊗ dxl, and its trace
is r = Rjl = Rm

jmldx
j ⊗ dxl. This tensor is called the Ricci tensor, and can be

easily checked to obey the tensor rule of transformation.
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3 Riemannian Geometry

In the previous section, we have seen the curvature of a manifold can be studied
using a connection, which is an operator form describing parallelism. In this
section, we shall see how a connection could be induced by the measurement of
length and angle between tangent vectors. In linear spaces, these measurements
are concluded by a binary operator called an inner product. Recall an inner
product of a real vector space V is a map 〈∗, ∗〉 : V × V → R mapping (u, v) 7→
〈u, v〉 and satisfies

1. (positive definite) 〈u, u〉 ≥ 0, and equality holds if and only if u = 0,

2. (symmetric) 〈u, v〉 = 〈v, u〉, and

3. (linear in the first argument) 〈au+ bv, w〉 = a 〈u,w〉+ b 〈v, w〉.

(Note that the inner product in quantum mechanics is a complex inner product,
i.e. it is conjugate symmetric rather than symmetric, and the Dirac notation
obeys linearity on the second argument rather than on the first one.) The length
of a vector u is defined to be the norm ‖u‖ =

√
〈u, u〉 and the angle between

the non-zero vectors u and v is defined to be θ = cos−1
(

〈u,v〉
‖u‖‖v‖

)
.

Suppose V is finite dimensional. There exists an orthonormal basis {ei}i,
which is a basis of V such that 〈ei, ej〉 = δij , and every vector can be expressed as
v = viei, where vi = 〈v, ei〉. Hence, 〈u, v〉 = δiju

ivj . In other words, the inner
product can be viewed, under this orthonormal basis, as the identity matrix
1 = (δij)n×n. If we perform a change of coordinate basis e 7→ f , where fj =
Bi

jei. Here B =
(
Bi

j

)
n×n

is a non-singulatr matrix (not necessarily unitary).

Under the new basis, every vector can be expressed as v = v′
j
fj = v′

j
Bi

jei, and
the inner product becomes 〈u, v〉 = u′

k
v′

l
Bi

kB
j
l δij . Hence, the inner product

can be viewed, under the basis {fj}j , as the positive definite symmetric matrix

g = BTB, where gij = Bk
i B

l
jδkl, which implies 〈u, v〉 = giju

′iv′
j .

In special relativity, the concept of distance is not positive definite. The
space-time metric is the matrix η = diag(1,−1,−1,−1), which is not positive
definite. Hence, we have to adopt a modified version of inner product called the
pseudo-inner product, which is non-degenerate (instead of positive definite),
symmetric and linear in the first argument, where non-degenerate means the
product satisfies ‘u = 0 if and only if 〈u, v〉 = 0 for any vector v’ (in simplier
terms, this means the matrix representing the inner product is non-singular).
Again, if we perform a change of basis fj = Bi

jei, the inner product becomes the
invertible symmetric matrix g = BT ηB, where gij = Bk

i B
l
jηkl. The (Lie) group

of Lorentz transformation, denoted by O(1, 3), is defined to be set of matrices
B that leave η invariant, i.e. η = BT ηB.

At each point p in a smooth manifold M , we have the tangent space TpM ,
and suppose x : U → Rn is a chart around p,

{
∂

∂xj |p
}

j
is a basis of TpM .

The essence of a (pseudo-) metric is to define a (pseudo-) inner product at
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each tangent space TpM smoothly over all points p in the manifold. A pseudo-
inner product on TpM , denoted by gp : (Xp, Yp) 7→ gp(Xp, Yp), can be written

in form of a n × n-invertible symmetric matrix gp =
(
gpij

)
n×n

, where gpij =

gp

(
∂

∂xi |p, ∂
∂xj |p

)
. In other words, gp (Xp, Yp) = gpijX

i
pY

j
p . Unlike the flat space-

time, where the metric η is uniform, the matrix gp may varies from point to point
throughout the manifold M , i.e. we have a set of functions gij : p 7→ gij(p) =
gpij . However, these functions are defined only locally on U by the coordinate
chart x. Suppose we perform a change of coordinate x 7→ x′. Then,

g′ij = g

(
∂

∂x′i
,
∂

∂x′j

)
= g

(
∂xk

∂x′i
∂

∂xk
,
∂xl

∂x′j
∂

∂xl

)

=
∂xk

∂x′i
∂xl

∂x′j
g

(
∂

∂xk
,
∂

∂xl

)
=
∂xk

∂x′i
∂xl

∂x′j
gkl,

i.e. gij satisfies the tensor rule of transformation. In other words, we could
defined a global (0,2)-type non-degenerate symmetric tensor g in D2(M) that
is expressed locally as gijdx

i ⊗ dxj and at each point p in M , gp = (gij(p))n×n
serves as a pseudo-inner product of the tangent space TpM . Since the C∞(M)-
module D2(M) is isomrophic to the module of functionals D1(M)×D1(M) →
C∞(M), we may treat g as a non-degenerate symmetric bilinear operator g :
D1(M) × D1(M) → C∞(M) mapping (X,Y ) 7→ g(X,Y ) = gc (X ⊗ Y ) or in
local coordinate, g(X,Y ) = gijX

iY j . The definition of a metric tensor can be
summarized by the following.

Definition of a pseudo-Riemannian metric: A pseudo-Riemannian metric
is a non-degenerate symmetric (0,2)-type tensor in D2(M), i.e. could be
written locally as g = gijdx

i⊗dxj , where gij are smooth real-valued func-
tions, the matrix (gij)n×n is non-singular and gij = gji. Or equivalently,
it could be treated as a map g : D1(M)×D1(M) → C∞(M) that satisfies

1. (non-degenerate) a vector field X is zero if and only if for any vector
field Y , g(X,Y ) = 0,

2. (symmetric) g(X,Y ) = g(Y,X) for any vector field X and Y , and

3. (linear) g(αX + βY,Z) = αg(X,Z) + βg(Y, Z) for any smooth func-
tions α and β on M , and any vector fields X, Y and Z.

A smooth manifold is called a (pseudo-) Riemann manifold if it is equipped with
a (pseudo-) Riemannian metric.

Denote Sym(n) be the space of n×n-symmetric matrices. For any matrix S
in Sym(n), since S is diagonalizable, let P (S) be the number of positive diagonal
entries, N(S) be the number of negative diagonal entries. The rank of S is then
P (S) +N(S). The signature of S is defined to be sig(S) = P (S)−N(S). Two
matrices S and S′ are said to be congruent if there is a non-singular matrix
B such that S′ = BTSB. Clearly, the ranks of two congruent matrices are
the same. The Sylvester’s theorem [7] guarantees the signatures of congruent
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matrices must also be the same. The converse is also true, i.e. matrices of the
same rank and signature are congruent, since they are congruent to the diagonal
matrix diag(1, . . . , 1, 0 . . . , 0,−1, . . . ,−1) of the same rank and signature. In
general relativity, we would expect any pseudo-Riemannian metric g to have a
constant signature throughout the whole space, i.e. sig(g(p)) = sig(η) = −2
(of course g has full rank 4 as it is non-singular) for each point p in the space-
time manifold. Thus, the space-time manifold is a pseudo-Riemann manifold of
signature -2.

3.1 Riemannian Connection

Definition of the Riemannian Connection: A connection of a (pseudo-)
Riemann manifold equipped with the (pseudo-) metric g is said to be Rie-
mannian if it is torsion free and compatible with the metric, i.e. Dg = 0,
where D is the covariant differential operator.

The Riemannian connection is also known as the Levi-Civita connection. A
(pseudo-) Riemann manifold must exist a unique Riemann connection, where
the Christoffel symbols are

Γk
ij =

1
2
gkl

(
∂gil

∂xj
+
∂gjl

∂xi
− ∂gij

∂xl

)
, (16)

where g−1 =
(
gij
)
n×n

is the inverse of the metric matrix g. The proof can be
found in the course lecture notes or other standard textbooks on differential
geometry such as [3, 1, 2]. Note that the inverse of g is upper indexed, and it
is easy to check the corresponding contravariant tensor rule of transformation
since (

∂x′
i

∂xj

)−1

n×n

=
(
∂xi

∂x′j

)
n×n

.

Hence, g−1 is a global (2,0)-type tensor in D2(M). Written in index form,
g−1 = gij ∂

∂xi ⊗ ∂
∂xj .

Recall the curvature tensor, written in R = Ri
jkl

∂
∂xi ⊗ dxj ⊗ dxk ⊗ dxl,

can be contracted by a trace to give the Ricci tensor r = Rjldx
j ⊗ dxl, where

Rjl = Rm
jml. By the metric g−1, we may define a smooth function on M by s =

rcg−1 = Rijg
ij known as the scalar curvature. In general relativity, we define

the Einstein tensor be the (0,2)-type tensor G = r − 1
2sg, i.e. Gij = Rij − sgij .

Next, let us study geodesics on a Riemann manifold M . Suppose α :
(−ε, ε) → M is a smooth curve mapping τ 7→ α(τ). A reparametrization is
an invertible change of parameter ϕ : (−ε, ε) → (−ε, ε) mapping τ 7→ ϕ(τ) = t.
Under the new parameter, the reparametrized curve is α̃ : (−ε, ε) → M map-
ping t 7→ α̃(t) = α(τ), where τ = ϕ−1(t). (We always assume the curve starts
at the same position, i.e. ϕ(0) = 0.) By an abuse of notation, we usually write
α̃ simply as α. We could always think the parameters τ or t as the time when a
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particle travels along the curve. So the geometric meaning of a reparametriza-
tion is to alter the speed of the propagation without changing the trace of the
curve.

By using the metric g of the Riemann manifold, we could define the arc
length of the curve from 0 to τ0 to be

s(τ0) =
∫ τ0

0

√
|g(α̇(τ), α̇(τ))|dτ.

Hence, there is a correspondence s : τ 7→ s(τ). If the curve has non-vanishing
g(α̇, α̇), then the map s : τ 7→ s(τ) is invertible, and thus this defines a
reparametrization of the curve known as the parametrization by arc length.
By a change of variable in the integral, the readers may check very easily the
parametrization of arc length will still be the same if we use the parameter t
instead of τ .

Recall the curve α is a geodesic if it satisfies the geodesic equation ∇α̇α̇ = 0,
or in index form

d2xk

dτ2
+ Γk

ij

dxi

dτ

dxj

dτ
= 0,

where xk is the abreviation for xk ◦α, and x = (x1, . . . , xn) is a coordinate chart
around α(0). The question is will the geodesic equation be invariant under a
reparametrization of the curve. The answer, in general, is no. Indeed, we could
prove that on a Riemann manifold, if the curve α : τ 7→ α(τ) is a geodesic, then
the parameter τ must be proportional to the parametrization of arc length,
i.e. s = vτ , where v is a constant. In other words, all geodesics propagate in
constant speed. To prove this, we have to make use of the fact that the Riemann
connection is compatible with the metric, i.e. Dg = 0.

d

dτ
g(α̇, α̇) = ∇α̇ (g(α̇, α̇)) = (∇α̇g) (α̇, α̇) + g (∇α̇α̇, α̇) + g (α̇,∇α̇α̇) = 0.

Denote the constant v =
√
|g(α̇, α̇)|. Hence,

s =
∫ τ

0

√
|g(α̇, α̇)| = vτ.

This implies the geodesic equation can be rewritten under the parametrization
of arc length as

d2xk

ds2
+ Γk

ij

dxi

ds

dxj

ds
= 0. (17)

In special relativity, the space-time metric is g = dx0 ⊗ dx0 − dx1 ⊗ dx1 −
dx2⊗ dx2− dx3⊗ dx3. If t is time, i.e. x0 = ct, then the space-time interval (or
the arc length parametrization) of a time-like trajectory is

s =
∫ t

0

√
c2 −

(
dx

dt

)2

−
(
dy

dt

)2

−
(
dz

dt

)2

dt.
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In general relativity, for a massive object traveling around a gravitational field,
there is no guarantee that gij

dxi

dt
dxj

dt would be constant, and hence the inter-

val s =
∫ t

0

√
gij

dxi

dt
dxj

dt dt may not be proportional to time t. This means the

equation d2xk

dt2 + Γk
ij

dxi

dt
dxj

dt = 0 is NOT a geodesic equation.

3.2 The Sphere S2

Recall S2 =
{
(x, y, z) : x2 + y2 + z2 = 1

}
is the unit sphere in R3. Consider the

chart (x, y, z) 7→ (θ, φ) such that x = sin θ cosφ, y = sin θ sinφ, z = cos θ. Then,
a tangent vector is in the form X = Xθ ∂

∂θ + Xφ ∂
∂φ . Transform back to the

container space R3, X = Xxî+Xy ĵ +Xz k̂, where

Xx = Xθ ∂x

∂θ
+Xφ ∂x

∂φ
= Xθ cos θ cosφ−Xφ sin θ sinφ

Xy = Xθ ∂y

∂θ
+Xφ ∂y

∂φ
= Xθ cos θ sinφ+Xφ sin θ cosφ

Xz = Xθ ∂z

∂θ
+Xφ ∂z

∂φ
= −Xθ sin θ

The Riemannian metric g is the one induced by the usual inner product of R3

g(X,Y ) = XxY x +XyY y +XzY z = XθY θ +XφY φ sin2 θ.

If we take (x1, x2) = (θ, φ), then the metric is

g =
(

1 0
0 sin2 θ

)
, g−1 =

(
1 0
0 1/ sin2 θ

)
,

and the Christoffel symbols of the Riemannian connection are

Γ1
11 = Γ2

22 = Γ1
12 = Γ1

21 = Γ2
11 = 0, Γ2

12 = Γ2
21 =

cos θ
sin θ

, Γ1
22 = − sin θ cos θ.

Put in differential form, the connection 1-form is

Γ =
(

0 − sin θ cos θdφ
cos θ
sin θ dφ

cos θ
sin θ dθ

)
,

and the curvature 2-form is

R = dΓ + Γ ∧ Γ =
(

0 sin2 θ
−1 0

)
dθ ∧ dφ,

which means the only non-zero components of the curvature tensor in index
form are

R1
212 = −R1

221 = sin2 θ, R2
112 = −R2

121 = −1.
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The Ricci tensor is r = dθ⊗dθ+sin2 θdφ⊗dφ, and the scalar curvature is s = 2,
which means the sphere has constant positive curvature.

Suppose α is a geodesic on the unit sphere. The geodesic equations Eq.(17)
are

d2θ

ds2
− sin θ cos θ

dφ

ds

dφ

ds
= 0,

d2φ

ds2
+

2 cos θ
sin θ

dθ

ds

dφ

ds
= 0.

Hence, longitudes φ = constant, θ = ωs and the equator θ = π/2, φ = ωt
are geodesics. By the symmetry of the sphere, all great circles are geodesics,
and by the fundamental theorem of differential equations, the solution of the
geodesic equations are unique if the initial position and velocity are specified,
which implies all geodesics must be arcs of great circles.

3.3 The Poincare’s half plane H

The Poincare’s half plane is defined to be the upper half plane H = {(x, y) : y >
0} in R2 equipped with the metric g = y−2(dx ⊗ dx + dy ⊗ dy). Write x1 = x
and x2 = y. In matrix form,

g =
(

1/y2 0
0 1/y2

)
, g−1 =

(
y2 0
0 y2

)
.

The Riemann connection has Christoffel symbols Γ1
11 = Γ1

22 = Γ2
12 = Γ2

21 = 0,
Γ1

12 = Γ1
21 = Γ2

22 = −1/y, and Γ2
11 = 1/y, i.e. the connection 1-form is the

matrix

Γ =
(
−y−1dy −y−1dx
y−1dx −y−1dy

)
.

The curvature 2-form is the matrix

R = dΓ + Γ ∧ Γ =
(

0 −1
1 0

)
1
y2
dx ∧ dy.

The Ricci tensor is r = −y−2(dx ⊗ dx + dy ⊗ dy), and the scalar curvature is
s = −2, which means the Poincare’s half plane has constant negative curvature.

The geodesic equations Eq.(17) are

d2x

ds2
− 2
y

dx

ds

dy

ds
= 0,

d2y

ds2
+

1
y

dx

ds

dx

ds
− 1
y

dy

ds

dy

ds
= 0.

Since the speed of a geodesic is constant, let it be v, we have

v2 = g

(
dx

ds
,
dy

ds

)
=

1
y2

[(
dx

ds

)2

+
(
dy

ds

)2
]
.

Denote ẋ = dx
ds and ẏ = dy

ds .
Firstly, it is easy to see vertical straightlines are geodesics. Suppose ẋ = 0,

then ẏ = ±vy. Hence, the vertical line x = constant, y = Ae±vs is a geodesic,
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where A is positive. Secondly, we could show all other geodesics are arcs of half
circles centered at points on the x-axis. Suppose ẋ 6= 0.

d

ds

(
xẋ+ yẏ

ẋ

)
=
ẋ(xẍ+ ẋ2 + ẏ2 + yÿ)− ẍ(xẋ+ yẏ)

ẋ2

=
ẋ3 + ẋẏ2 + ẋyÿ − ẍyẏ

ẋ2
=
ẋ3 + ẋẏ2 + ẋy ẏ2−ẋ2

y − yẏ 2ẋẏ
y

ẋ2
= 0,

where the geodesic equations are used in the second last equality. This means
there is some constant x0 such that xẋ+ yẏ = x0ẋ. Hence,

d

ds

[
(x− x0)2 + y2

]
= 2ẋ(x− x0) + 2yẏ = 0,

which implies there is some positive constant r such that (x − x0)2 + y2 = r2,
i.e. it is a half circle with radius r centered at (x0, 0).

4 Appendix

Suppose M is a smooth manifold, p is a point in M , and x = (x1, . . . , xn) : U →
Rn is a coordinate chart on a neighbourhood around p. For any differentiable
function f : U → R, f ◦ x−1 : x(U) → R is a differentiable function defined on
a flat n-dimensional domain x(U). Thus, partial derivatives ∂j(f ◦ x−1)|x(p) is
well-defined, for j = 1, . . . , n. Using this, the partial derivative of f at p with
respect to xj is defined to be

∂f

∂xj
|p = ∂j(f ◦ x−1)|x(p).

And the differential operator is defined to be the functional ∂
∂xj |p : C∞(p) → R

mapping f 7→ ∂f
∂xj |p, where C∞(p) is the space of (to be precise, the germs of)

smooth functions around p.
Suppose there is another chart y = (y1, . . . , yn) : U → Rn. The chain rule

can be rewritten in terms of the differential operators according to the new
definition as the following. For j = 1, . . . , n

∂f

∂yj
|p = ∂j(f ◦ y−1)|y(p) = ∂j(f ◦ x−1 ◦ x ◦ y−1)|y(p)

= ∂i(f ◦ x−1)|x(p)∂j(xi ◦ y−1)|y(p) =
∂f

∂xi
|p
∂xi

∂yj
|p,

where the third identity is the original chain rule, and the first and last identity
are by the new definitions of the differential operators. And hence,

∂

∂yj
=
∂xi

∂yj

∂

∂xi
.
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