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Abstract. Control of electron spin decoherence in contact with a mesoscopic
bath of many interacting nuclear spins in an InAs quantum dot is studied
by solving the coupled quantum dynamics. The nuclear spin bath, because
of its bifurcated evolution predicated on the electron spin up or down state,
measures the which-state information of the electron spin and hence diminishes
its coherence. The many-body dynamics of the nuclear spin bath is solved with
a pair-correlation approximation. In the relevant timescale, nuclear pair-wise
flip—Aflops, as elementary excitations in the mesoscopic bath, can be mapped
into the precession of non-interacting pseudo-spins. Such mapping provides a
geometrical picture for understanding the decoherence and for devising control
schemes. A close examination of nuclear bath dynamics reveals a wealth of
phenomena and new possibilities of controlling the electron spin decoherence.
For example, when the electron spin is flipped by a 7-pulse at 7, its coherence will
partially recover at +/27 as a consequence of quantum disentanglement from the
mesoscopic bath. In contrast to the re-focusing of inhomogeneously broadened
phases by conventional spin-echoes, the disentanglement is realized through
shepherding quantum evolution of the bath state via control of the quantum object.
A concatenated construction of pulse sequences can eliminate the decoherence
with arbitrary accuracy, with the nuclear—nuclear spin interaction strength acting
as the controlling small parameter.
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1. Introduction

A quantum system, unlike a classical one, can be in a coherent superposition of constituent
states. This coherence is the wellspring of quantum properties and is key to quantum technology.
The contact of a quantum object with a macroscopic system causes loss of state coherence
[1]-[3]. Advances towards quantum technology have effectively substituted the macroscopic
environments by mesoscopic ones. Usually, the contact interaction between the quantum object
and a ‘particle’ of the bath weakens with increasing bath size (defined by the number of particles,
N), while the interaction between particles inside the bath is independent of the bath size. When
the bath size is in the mesoscopic regime such that the object—bath interaction dominates their
interaction with the rest of universe, the quantum object and the mesoscopic bath evolve as a
closed system in the relevant timescales. Thus, a proper description of the quantum object in such
a mesoscopic bath is given by the full quantum mechanical solution of the coupled object—bath
evolution [4]-[9], as opposed to the semiclassical treatment in conventional decoherence studies
[10, 11].

Spins of single electrons confined in semiconductor quantum dots (QDs) are paradigmatic
systems in mesoscopic physics [12, 13] and in spin-based quantum technology [14]-[16]. Spin
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decoherence is a main limiting factor to quantum properties and has been extensively studied
both in theories [4]-[9], [17]-[30], and in experiments [31]-[41]. It has been well established
by theories [27]-[30] and experiments [31]—[34] that the electron spin decoherence caused by
phonon scattering is negligible at a temperature lower than a few Kelvin. The relevant bath
at low temperature then is a spin bath [42] composed of lattice nuclear spins in a QD. The
electron spin is coupled to a nuclear spin through the contact hyperfine interaction with magnitude
inversely proportional to the total number N of nuclei in the QD. For the QD size of interest,
the hyperfine coupling is much stronger than the mutual interaction between nuclear spins.
Therefore, a mesoscopic bath consisting of all nuclear spins within the QD (i.e. in direct contact
with the electron) is identified. Electron spin decoherence at low temperatures is determined by
the quantum dynamics of the mesoscopic spin system.

Conventionally, the relaxation of spin coherence (or spin polarization) is categorized into
two types, namely, the 77 (longitudinal) relaxation and the 75 (transverse) relaxation. Regarding
the density matrix in the basis of the energy eigenstates, the 7} process causes the redistribution
of diagonal elements accompanied by the decay of off-diagonal ones, and the 7, process causes
the decay of off-diagonal elements. In ensemble measurements, the static random distribution
of external fields (i.e. inhomogeneous broadening) also leads to an effective dephasing or 75
process. In [2], the T process is called ‘fake’ decoherence as it results from the classical phase
average, the dephasing in the 77 process is called ‘false’ decoherence as it is due to the spin
population redistribution, and only the 7, process excluding the effect accompanying the spin
flip (often called pure dephasing) is dubbed the ‘true’ decoherence since essentially it originates
from quantum entanglement between the system and the bath. In the specific electron—nuclear
spin system considered here, the T, process is due to the thermal distribution of the Overhauser
field from the nuclear spins [17,21]. The T} process is due to the off-diagonal hyperfine interaction
[17,21,24,27]. The T, process is because of the electron—nuclear spin entanglement established
during the nuclear spin evolution driven by the hyperfine interaction and the nuclear—nuclear
spin interaction [43]. As the hyperfine interaction is the strongest part of the spin interaction
in a QD, initial theoretical efforts have been devoted to the spin decoherence by the hyperfine
interaction only where the (intrinsic) nuclear—nuclear spin interaction is neglected [17]-[24].
Such theories are successful in understanding many essential parts of the spin decoherence in
QDs, especially the 75 and T processes. But there are important situations under which we have
to take into account the intrinsic nuclear—nuclear spin interaction (the term ‘intrinsic’ is used to
contrast the ‘extrinsic’ interaction between nuclei mediated by the hyperfine interaction). Firstly,
under a moderate to strong magnetic field (B 2 0.1 T), the Zeeman energy mismatch between
the electron and the nuclei will suppress the spin relaxation effect of the hyperfine interaction
(including both 77 and T, processes) [4, 21, 22, 24] and hence the nuclear—nuclear spin interaction
emerges to be important. Secondly and more importantly, it has been shown that the leading
order effect of the hyperfine interaction in the dephasing is removed by a spin echo [4, 23] and
thus spin echo signals would not be correctly accounted for without considering the intrinsic
interaction. The pure dephasing effect of the intrinsic nuclear spin interaction in QD was first
studied in a semiclassical framework [25, 26] which gives correct timescales of the decoherence
but misses several important features such as the exponential index of the decay profile (especially
in the pulse control configurations [44]). Recently, quantum theories including the intrinsic
interaction have been developed independently by the Das Sarma group [7]-[9] and the Sham
group [4]-[6]. The two theories agree with each other in the lowest level of approximation (i.e. the
pair-correlation approximation as discussed below). The Sham group’s linked cluster expansion
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method [6] provides a systematic method to include the higher-order correlations order by order,
which does not agree completely with the density matrix cluster expansion theory by the Das
Sarma group [9]. We focus on the 7, decoherence caused by the electron—nuclear entanglement
in which the nuclear—nuclear spin interaction is essential. To separate the quantum entanglement
effect from the trivial ‘fake’ decoherence by the T3 process, we have examined the decoherence
in single-system dynamics before taking the ensemble average [4, 5]. The study of the single-
system dynamics reveals a wealth of important effects [4, 5] which were missing in the density
matrix cluster expansion theory [7, 8] where with inhomogeneous broadening only the spin echo
signals are of interest. For example, we found that unless the external field is very strong, the
off-diagonal hyperfine interaction has significant effect on the 7, decoherence in free-induction
decay (FID) even though its effect is virtually removed from the spin echo signals [4]. Thus
the spin echo decay time is substantially different from the FID time with the inhomogeneous
broadening effect excluded. Moreover, we discovered a recovery of the lost spin coherence by
disentanglement at times away from the spin echo [5]. The concept of disentanglement led us
naturally to a systematic scheme of using pulse sequences to preserve the spin coherence, of which
the Carr—Purcell sequence, studied also by the Das Sarma group [8], is a special example. In this
paper, we will try to give a comprehensive account of our quantum theory on the 7, problem,
taking into account both the hyperfine interaction and the intrinsic nuclear spin interaction.
Under the condition of intermediate to strong field, the Hamiltonian of the electron—nuclear
spin system is reduced to the form H = >y |4) H. (4| which is diagonal in the electron spin

eigenstate basis {|£)}, where ﬁ]i are the nuclear bath Hamiltonians depending on the electron spin
states. The entanglement picture for the pure dephasing (7, decoherence) of the electron spin [43]
is depicted as follows. Let the electron—nuclear spin system start from a product (i.e. unentangled)
state, (C|+) + C_|—)) ®|TJ). The nuclear spin state |7) would be driven by the Hamiltonians
H.. to the states | 7=(7)) corresponding to the electron states |£), respectively. Thus the electron—
nuclear spins would evolve into an entangled state, C, |+)®|7*(?)) + C_|—)®|J ~(¢)). The off-
diagonal element of the reduced density matrix of the electron spin p; _ (1) = C* C, (] HOIVA (t))
measures the electron spin coherence. Therefore, the bifurcated evolution of the nuclear bath
leads to the loss of electron spin coherence. From the viewpoint of quantum measurement, the
electron spin states are registered by different nuclear bath states and a measured quantum object
sustains no coherence in the measurement basis [45, 46].

Within the timescale when the irreversible leakage of the quantum coherence of a mesoscopic
bath into the macroscopic environment is negligible, it is still possible to control the mesoscopic
bath dynamics [47] and hence the decoherence of the quantum object embedded in the bath
[5]. As illustrated in figure 1, the bath evolution pathways in the Hilbert space corresponding to
opposite electron spin states will exchange their evolution directions when the electron spin is
flipped:

(Cil+) + C-|-)) ®LT)
— CLH)®|TT (1) + C_| )BT (1))
— Ci|=)®TH () + C_[H)®|T (1)),
Thereafter, the two bath pathways | 7*(¢')) and |7 (¢')) intersect at some later time, i.e.
|[TH()) = |T () = |T()). At the intersection, the electron spin is disentangled from the
bath and its lost coherence is recovered (by the controlled erasure of the quantum information

registered in the bath). Such a discovery of the reversal of coherent dynamics can be traced back
to the early theoretical and experimental findings on the Loschmidt echo in NMR [48, 49].
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Figure 1. Schematic illustration of the bifurcation of the bath state evolution
conditioned on the electron spin up or down state and the exchange of the evolution
direction of the bath pathways when the electron spin is flipped.

The recovery of the lost coherence (recoherence) by quantum disentanglement is
fundamentally different from the conventional spin echo realized by the refocusing of the random
phase in an inhomogeneously broadened ensemble. In general, the disentanglement can occur
at a time different from the spin echo time. For example, by a single flip of the electron spin
at t = t, there will be a prominent recoherence at a magic time /27 as a consequence of
disentanglement [5] while the conventional spin echo would occur at 2t. When the electron spin
is observed in ensemble measurement (realized either by using many similar QDs or by cycling
measurements on a single dot), the disentanglement-induced recoherence will be concealed by
the inhomogeneous broadening unless it is forced to take place at a spin echo time by proper
design of pulse sequences.

The recoherence by disentanglement can be exploited as a coherence protection scheme
in lieu of the dynamical decoupling schemes developed for NMR spectroscopies [48, 50, 51]
and recently for quantum computation [52]-[57]. While the dynamical decoupling schemes
seek to eliminate the object—bath interaction through rapid rotation of a quantum object, the
disentanglement scheme focuses on controlling the wavefunction evolution of the bath and
in general does not lead to a vanishing object—bath coupling. It will be shown that in the
disentanglement scheme, the controlling small parameter for coherence protection is determined
by the interactions within the bath instead of the object—bath coupling, in contrast with the
dynamical decoupling schemes.

This paper is organized as follows: section 2 describes a specific model system (a self-
assembled InAs QD) and summarizes the theoretical ingredients for solving the electron—nuclear
spin dynamics. The FID in single-system dynamics (without ensemble average) and the Hahn
echo in ensemble dynamics are studied in section 3 and 4, respectively. Section 5 presents a
close examination of the single-system dynamics in the single-pulse Hahn-echo configuration,
revealing a coherence recovery due to disentanglement at a magic time which would otherwise
be invisible in ensemble-averaged signals. Section 6 studies the disentanglement under control
of pulse sequences, in particular, the concatenated sequences. Further discussions including the
comparison between the quantum disentanglement and the dynamical decoupling are presented
in the summary section. Some technical details are given in the appendices.
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2. Theory

2.1. The model

The system consists of an electron with spin-1/2 S. and N nuclear spins, jn,a, with Zeeman
energies 2. and w, , under a magnetic field B.y, respectively, where n denotes the position
and o denotes the isotope type. Hereafter the subscript o will be absorbed into n unless it
is needed for clarity. InAs has the zincblende structure, with In and As ions located in two
interpenetrating face-centred cubic lattices. The natural isotope abundance in InAs materials
is 100, 4.28 and 95.72% for °As, 3In and ''>In, respectively. All the isotopes have nonzero
nuclear spin moments, namely, Jiso, = 3/2 and Jiy, = Jusy, = 9/2. The self-assembled InAs
QD under typical growth condition is modelled as a rectangular quantum box with the growth
direction along [001] and the in-plane extension directions [110] and [110] [58]. The electron
1s assumed to be confined by hardwall potential and the envelope wavefunction of the ground
state is

2
fw) =TT/ 7= cos 20 (La =211 (1)

where r, is the coordinate in the a direction ([110], [110], or [001]), and L, is the dimension of
the dot along the indicated direction. The model system is illustrated in figure 2.

The first-principles Hamiltonian for the electron—nuclear spin system includes the electron—
nuclear hyperfine interaction and various intrinsic nuclear—nuclear interactions. A detailed
discussion was given in [4]. Under a moderate magnetic field (B > 0.1T), the electron spin
flip is virtually suppressed due to the large Zeeman energy mismatch between the electron and
nuclei. Virtual flip—flops of the electron spin, however, could mediate an extrinsic interaction
between nuclear spins even when they are well separated in space (as illustrated in figure 3)
[4]. Furthermore, the non-secular part of the nuclear spin interaction which does not conserve
the total Zeeman energy, including flip—flops of hetero-nuclear pairs and single-spin flips, are
neglected. Thus the total effective Hamiltonian is reduced to the form

A

H=H +Hy+)  |£)Hy (], 2)
+

in the limit of long longitudinal relaxation time (7} — oco), where |£) are the eigenstates of Sg,
H. = Q.S;, Hy = w,J}, and the nuclear spin interaction

ﬁ]i:iﬁ]A+ﬁIB+ﬁDiﬁIE, (3)
with
A Nl N nn
Hy = 2{: 4S26‘Lz£m ==j£:‘AnmrL1Jﬁv (4d)
n# n#m
Hy=Y BaJil,. (4b)
n#m
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(a)

OHVEEIE OISR I

Figure 2. (a) Schematics of a quantum box model for an InAs QD. (b) Schematics
of an electron (the shadow) and one layer of nuclear spins in the QD. The two
boxes in dotted lines indicate two possible choices of boundary of the nuclear spin
bath, which are relatively arbitrary due to the interaction between nuclei within
and without the boundary. When the hyperfine interaction dominates over the
nuclear spin interaction, such arbitrariness has negligible effects on calculation
of the electron spin decoherence as long as all the nuclei in direct contact with
the electron spin have been enclosed.

+-4

Figure 3. Hyperfine-mediated interaction between two distant nuclear spins via
the electron (top line).

Hp= )" DynJiT;, (4¢)
Hp =) (a,/2) T =) E,J. (4d)
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Table 1. InAs material parameters, where v, is the nuclear gyromagnetic ratios,
yoX the effective nuclear gyromagnetic ratios for the pseudo-exchange interaction,
Ye the electron gyromagnetic ratio, y; the effective electron gyromagnetic ratio
in the QD, and A, the hyperfine constants.

T5As 131y 157y
Abundance 100% 4.28% 95.72%
Spin moment J, 3/2 9/2 9/2

Ve (106571 T +458  +58.5  +58.6
yE100sTIT-1 4340 4701 +70.2
Ay (10°5~1yP +69.8  +85.1  +853

Ye = +0.176, y¥ = —0.132 (1012 s~ 1)e
Lattice constant ¢y = 6.06 A

4See details in [4, 59, 60].
bEstimated with the method in [61].
¢g-factor taken to be —1.5.

Table 2. The characteristic energy scales in an InAs QD with dimensions
35 x 35 x 6 nm? (N ~ 0.3 x 10%), under a field of B.,~10 tesla.

UIlitSa Qe Wy En Bn,ma Dn,m An,m
106571 10° 500 1 1074 1076
eV 100 05 1073 1077 10-°
mK 10* 5 1072 107 1078

“Throughout this paper, the units are chosen such that the
Plank constant 7 and the Boltzmann constant kg are unity.

Here the summation with a prime runs over only the homo-nuclear pairs, H, denotes the extrinsic
interaction mediated by the hyperfine interaction, H g denotes the off-diagonal part of the intrinsic
nuclear interaction and Hp, the diagonal part, and Hp is the diagonal part of the contact hyperfine
interaction with amplitude a, = Aaco | f(R,,)| . The material parameters are given in table 1 and
the typical energy scales are estimated in table 2. The hyperfine interaction has a typical energy
scale E, ~ a, ~ 10%s~! for a dot with about 10° nuclei [61]. The intrinsic nuclear spin—spin
interaction is effectively finite-ranged with the near-neighbour coupling B,,,, ~ D, ~ 10*s7L.
The extrinsic interaction is ‘infinite-ranged’ (coupling any two nuclear spins within the QD) and
has opposite signs for opposite electron spin states. The extrinsic interaction, in contrast with the
intrinsic one, depends on the external field, and has an energy scale A, ,, ~ 1 to 10s~! for field
strength By varying from 10 to 1 tesla.

We reiterate that our model has included both the extrinsic hyperfine-mediated and the
intrinsic nuclear—-nuclear spin interactions. On one hand, without the extrinsic interaction
included [7]-[9], the FID in single system dynamics would not be correctly described, especially
forrelatively weak field. On the other hand, without the intrinsic interaction considered [17]-[22],
the theory could not account for the FID in the strong field case when the hyperfine-mediated
interaction is suppressed [4, 21, 22, 24], nor for spin echo signals where the hyperfine interaction
effect is removed in the leading order [4, 23].
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2.2. General formalism

The electron—nuclear spin system is assumed initially prepared in a product state*
p(0) = p°(0) ® pr. &)

where the nuclear spins are in a thermal state with temperature 7'. The electron spin can start
from a pure state or a mixed state’. The state evolution is determined by the Louville equation

3,p(t) = —i[H, p(D]. (6)

The reduced density matrix of the electron spin is obtained by partial trace over the nuclear
spins as

p°(1) = Trnp(), (7)
which is related to the initial state through the correlation superoperator £, namely
PO =Y Lo 0, (0), (8)
M/’V/

where o}, |, = (u|pt|v), and |u), |v) € {|+), |—)}. The electron spin relaxation is quantified by
the correlation function £, ..,y .

Due to the block diagonal form of the reduced Hamiltonian equation (2), the correlation
function has following properties

£u,v;u/,v/(t) = ﬁu,v(t)(su,u/(sv,v” (9d)
L. =1, (9b)

Li_(H)=L" ()
= e % Try[pN et eI, Oc)

where the last equation has been expressed for the FID and can be straightforwardly extended
to the dynamics under pulse control. No longitudinal relaxation remains (77 = oo) after the
elimination of the electron spin flip processes by the magnetic field. Since the Zeeman energy
H results in only a global phase-factor e =%, from now on we will consider only the interaction
Hamiltonian H, = H — H, by dropping the trivial phase-factor.

Since the nuclear Zeeman energy under the external field dominates over the hyperfine
interaction and the nuclear spin interaction and the temperature to be considered is much higher
than the interaction energy, the thermal nuclear spin state can be taken as

PNz T =3P, (10)
J

4 It is also interesting to consider the electron spin decoherence and the nuclear spin dynamics for a system with
certain initial electron—nuclear entanglement, which will be covered in our future publications.

3 The electron spin being in a mixed state means that it is entangled with its ‘environment’. Since we have assumed
the electron and the nuclei are initially in a product state, the mixedness must come from other sources, such as the
photon noise in optical pump and control of the electron spin.
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where |7) = ), |j.) is an eigenstate of Hy and P; =T], pj, is the probability distribution
with

e_jn,awn/T
Yot p e—Jjon/T’

J==Jda

Dja = (11)
giving the population of the single-spin state |j,). We note that such a nuclear spin state has
no off-diagonal coherence (between the Zeeman energy eigenstates). The correlation function
of the electron spin coherence, expressed in terms of the wavefunction overlap of the nuclear
spins, is

Lo_()=) Ps(T (0] T ®). (12)
J

with |j jE(t)) = exp (—iﬁlit) |7). The correlation function £, _(f) is closely related to the

Loschmidt echo in [63]-[65]. Being independent of the electron spin initial state, £, _(7) will
be equated with the electron spin coherence without causing confusion. The decoherence by
entanglement is transparent from equation (12): with the nuclear spin states | 7= (£)) driven by
different Hamiltonians ﬁli, the electron—nuclear spin state C,|+) ® | T (7)) + C_|—) ® | T (1))
becomes an entangled one when (j ‘(t)‘ J*(t)) < 1, so the electron spin coherence is lost.

2.3. Essential assumptions

The method to be used in this paper consists of two steps. Firstly, the electron spin decoherence
in ensemble dynamics is factorized into two parts: the dephasing due to static inhomogeneous
broadening, and the decoherence due to the dynamical entanglement between the electron and
the nuclei in single-system dynamics. Secondly, the nuclear spin dynamics is solved with the
pair-correlation approximation. The following assumptions are essential for the theory.

1. Mesoscopia: firstly, the QD should be small enough to guarantee the dominance of the
hyperfine interaction over the nuclear spin interaction so that the isolation of a mesoscopic
bathis possible. Secondly, the bath size (i.e. the number of nuclear spins in the QD, N) should
be large enough to have genuine decoherence (i.e. the Poincaré time is much greater than
the spin relaxation time 7, and 75). Thirdly, N > /N is required so that the central limit
theorem in statistics can be utilized for the factorization of the single-system dynamics
from the inhomogeneous broadening effect. And finally, to justify the pair-correlation
approximation, the bath size N is bounded so that the number of nuclear pair-flips in the
relevant timescale is small compared with N (see appendix B).

2. Moderate to strong field: the electron Zeeman energy 2. be much greater than the hyperfine
energy a, so that the electron spin flip is suppressed [4, 17, 21].6

3. Finite temperature: the temperature be higher than or comparable to the nuclear Zeeman
energy (T 2 w, ~ 1 mk). Otherwise, in a near fully polarized nuclear spin bath under an
extremely low-temperature, the pair flip—flops occur only among a few available nuclear
spins and hence are highly correlated, in which the pair-correlation approximation is

® In low fields, it may be possible to treat the off-diagonal hyperfine interaction as elementary excitations within
the pair-correlation approximation as well as the nuclear spin pair-flips are. This generalization, however, is beyond
the scope of this paper.
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invalid. Also, the temperature should be low enough to prevent the phonon scattering effect
(T < 1K) [27]-[30].

4. Short-time dynamics: the timescales under consideration should be short compared with the
inverse nuclear spin interaction strength (~1 ms) so that the number of pair-flips over time
is small compared with N. The timescales of interest in the decoherence problem include
the coherence memory time, pulse delay time in control sequences, and the total duration
of a control pulse sequence.

The other approximations in the model, including the assumptions on the QD shape, the electron
wavefunction, and the specific form of the spin interactions, are inconsequential to the theory.

2.4. Ensemble and single-system dynamics

The electron spin decoherence given in equation (9) includes two contributions, namely, the
thermal fluctuations due to the ensemble average of different nuclear spin configurations
{|7)Y(J1}, and the quantum entanglement due to the dynamical evolution starting from a pure
state |7 ), which is conditioned on the electron spin state. We use the term single-system dynamics
to denote the quantum evolution governed by the Schrédinger equation

10,|7* () = He|T= (1), (13)

and ensemble dynamics to denote the ensemble average of the single-system dynamics.

The ensemble dynamics was studied in the formalism of density matrix with the pair-
correlation approximation [7]. Many important features of the quantum entanglement process,
however, could have been overlooked without resolving the single-system dynamics since the
static inhomogeneous broadening usually has much stronger effects on the decoherence than the
dynamical entanglement. We choose a different procedure to study the problem. Namely, we
will first solve the single-system dynamics starting from a certain nuclear spin configuration,
and then construct the ensemble dynamics via

LI (= (T 0T ®), (14a)

Lo_()=)_ PsLl (1) (14b)
J

Such a construction of the ensemble dynamics, in general, would require sampling a large number
of initial states | 7) in the thermal ensemble.

When the system is sufficiently large and the temperature is appreciable for the nuclear
spins, the decoherence due to quantum fluctuations in single-system dynamics (equation 14a) is
almost the same for all possible initial nuclear configurations in the thermal ensemble, except for
a global phase factor related to the static Overhauser field resulting from the diagonal hyperfine
interaction. This is confirmed by numerical verification (see appendix A). Here we give a physical
argument: for a sufficiently large number of nuclear spins far from being fully polarized, the
number of spins available for pair-wise flip—flops is large, so the electron spin decoherence is
virtually determined by the nuclear spin excitation spectra (or density of states). By the statistical
central limit theorem, the excitation spectrum of a large system is the same (up to a relative
variance ~1/ V/N) for different initial states |7). Then the electron spin decoherence can be
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factorized into a contribution from the static inhomogeneous broadening £™ and one from the
quantum fluctuation in single-system dynamics £°, defined as

L (1) Z LM (DL _(b), (15q)

L, (=T 0T @), (15b)

£ (n) = Z Pye Bt = / P(E)e 'P'dE, (15¢)
J

where the hyperfine energy due to the local Overhauser field in a certain nuclear spin
configuration is

Eg =) jutn, (16)

and the inhomogeneous broadening distribution is defined as

P(E)= ) Ps8(E — Ey). (17)
J

The quantum fluctuation effect in the single-system dynamics can be evaluated for an initial
configuration |7) randomly selected from the ensemble, with the global phase factor absorbed
into the inhomogeneous broadening.

The effect of the static inhomogeneous broadening can be calculated by neglecting the
nuclear spin interaction (setting H, = Hy = 0). Without the flip-flop dynamics, the nuclear
spin ensemble would be a random distribution of frozen configurations, which, as a standard
multinomial distribution for a large system, leads to a Gaussian distribution of the Overhauser
field

P(E;) = e*(EJ*EO)Z/(ZF’z“)Z’ (18)
2T
where the averaged local field E and the inhomogeneous broadening I'; are
Eo =) (2NaAN"J) = ) Eoes (19a)
s \/Z <4NaA§N—2’_§ — E%,QNO,”), (19b)

respectively, with j, = Y ; JPajs ]_§ =) i J%Pa.j» and N, denoting the number of a-type nuclei
(N =), Ny). Thus we reproduce the expressions for the 7, dephasing obtained in [17]. A
typical example of the Overhauser field distribution is shown in figure 4. The electron spin
dephasing by inhomogeneous broadening is a Gaussian decay

£ () = e @0

with the effective dephasing time 7 = +/2/ I';. The inhomogeneous broadening effect can be
removed by spin echo. In the rotating frame rested on the electron spin, the Overhauser field
changes its sign each time the electron spin is flipped by a short pulse. Thus under the flipping
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Figure 4. Distribution of the Overhauser field for a thermal ensemble of nuclear
spins in an InAs QD of size 34 x 34 x 3 nm?® at a temperature of 1 K and under an
external field of 1 tesla. The dots in the figure are obtained by numerical simulation
of 40 000 random samples, and the curve is calculated with equations (18)—(19).
The arrows indicate four randomly selected nuclear spin configurations to be used
for figure A.1 in appendix A.

operation of a sequence of pulses applied att = t,1,, . . ., t,,, the dephasing by the inhomogeneous
broadening becomes
£ () = Y Pyeitol = o T I(TE), 1)
J
witht=t — (, — 1))+ (3 — 1) --- — (—1)"(t — t,). Obviously, the phase accumulation from

the random Overhauser field is cancelled at £ = 0, leading to the spin echo. At the spin-echo
time, the electron spin decoherence results solely from the dynamical quantum entanglement.

Under typical conditions considered in this paper, 7, is found to be of the order of
nanoseconds, consistent with various experimental measurements [37, 39, 40, 65]. As will
be shown below, in agreement with the available experimental data [40, 41, 66], the electron
spin decoherence by quantum fluctuations in single-system dynamics has a timescale in the
order of microseconds. Thus, from equation (15), the ensemble dynamics will be dominated by
inhomogeneous broadening and the single-system dynamics is virtually invisible in ensemble
experiments, unless the inhomogeneous broadening effect is removed by spin echo. The decay of
spin-echo signals is usually attributed to the pure decoherence due to quantum fluctuations. We
have shown, however, by examining directly the single-system dynamics, the flipping pulses have
nontrivial effects on the nuclear spin dynamics and, therefore, on the dynamical entanglement,
making the spin-echo decay time significantly different from the FID time in single-system
dynamics [4]. Such a difference would not be realized without resolving the single-system
dynamics from the ensemble average [7]-[9].

From now on, we will concentrate on the single-system dynamics, and show a few
surprising effects which would otherwise be concealed by inhomogeneous broadening in
ensemble dynamics. It should be emphasized that the single-system dynamics in a QD at a
finite temperature is not a mathematical idealization but has measurable effects. For example,
a projective measurement of the local Overhauser field could be used to limit the nuclear spin
configurations by post-selection and thus to observe single-electron dynamics without spin echo
[20], [67]-[69]. The single-system dynamics is basic to quantum technologies such as quantum
computation which cannot be performed in ensembles for scalability to large systems without
exponential explosion in resource [70].

New Journal of Physics 9 (2007) 226 (http://www.njp.org/)


http://www.njp.org/

14 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

2.5. Pair-correlation approximation and pseudo-spin model for nuclear spin dynamics

With the Hamiltonian given in equation (4), the quantum evolution of the nuclear spins is driven
by the pair-wise homo-nuclear spin flip—flops as the elementary excitations. The transition for
the pair-flip driven by the operator JJ is

The transition between the electron—nuclear spin many-body states through the pair-flip is
denoted by
£)17) —> 1B)1T, k), (23)

where £ is shorthand for the pair-flip in equation (22). The transition described in equation (23) is
characterized by the matrix elements A + By and the energy costs D; £ E;, which are derived
from the microscopic models as follows

Ay = (T, k| Hy |T) = ;Q’WJ (o 1) = ju Gu+ DT Ui+ D) = i G — 1), (24a)
By = (T, k| Hg|T) = By Ty (G + 1) = Ju G+ DT T + 1) = ji Giw — 1), (24b)

Dy =(J. k| Hp|T . k) — (T Hp|T)
= Z Dn,n’jn’ - Z Dm,m/.jm’ - Dn,m + Dn,n (]n + 1) - Dm,m (]m - 1) s (246)

Ev=(J, k| Hg| T, k) = (T Hg | T) = (a, — an)/2. (24d)

The basic processes for the electron spin decoherence may be described as follows. The off-
diagonal part of the nuclear spin interaction (including the intrinsic one Hp and the extrinsic
hyperfine-mediated one H,) causes the pair-wise nuclear spin flip—flops, leading to a fluctuating
local Overhauser field and in turn a random dynamical phase for the electron spin. In the quantum
picture, the entanglement is developed because the quantum evolution of the nuclear spins driven
by the Hamiltonians +H a+ H B+ H p* H £ is conditioned on the electron spin state through the
= signs originating from the hyperfine interaction.

As discussed in [4] and [7] and further checked for pulse sequence control cases in
appendix C, within a time ¢ much smaller than the inverse nuclear interaction strength, the
total number of pair-flip excitations Ng;, is much smaller than the number of nuclei N. The

probability of having pair-flips correlated is estimated to be Py ~ 1 — e~ Niip/N (g being the
number of nearest neighbours) [7], which, as also shown by a posteriori numerical check (see
appendix C), is bounded by ~ 10% in the worst scenario studied in this paper. Thus, the pair-
flips as elementary excitations from the initial state can be treated as independent of each other,
with a relative error € < P, (see appendix D). Then the single-system dynamics |7~ (#)) can
be described by the excitation of pair-correlations as non-interacting quasi-particles from the
‘vacuum’ state |.7), driven by the ‘low-energy’ effective Hamiltonian,

Z Xe =D Xi61/2. (25)
k
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which has been written in such a way that each pair-flip is treated as a pseudo-spin 1 /2, represented
by the Pauli matrix 6, with k labelling all possible pair-flips. The time evolution from the initial
state | 7) can be viewed as the rotation of the pseudo-spins, initially all polarized along the —z
pseudo-axis: @), | | )k, under the effective pseudo-magnetic field,

X = (£2A+2B;,0, D, £ Ep), (26)

for the electron spin state |£), respectively. Such a treatment of the nuclear spin correlations
amounts to taking into account all the pairwise correlations and neglecting the higher-orders.
The pair-correlation approximation, equivalent to the lowest order cluster expansion in [7],
corresponds to the leading term in the linked cluster expansion [6] and the density matrix cluster
expansion [9].

The entanglement between the electron spin and the pseudo-spins, and hence the electron
spin decoherence, are developed as the pseudo-spins precess about different pseudo-fields x,f
corresponding to different electron spin states |+). Namely, the product state

(CH)+C =N Q)| (27)
will evolve into an entangled one k

C.l+) @ [vi )+ C-1-) Q) v ). (28)
with k k

Vi) = exp (—ixEe) [4) = e 002 ), (29)

The electron spin coherence is determined by the overlap between the ‘conjugate’ states |/ (7))
and |, (7)) of the pseudo-spins,

e, =[Tlweo| vio). (30)
k

The pseudo-spin states have a geometrical representation as Bloch vectors,
or = (Vi 16ulv) /2. (31)

Figure 5 shows the evolution of two conjugate pseudo-spin states |1//,fE (7)) in two paths of the
conjugate Bloch vectors a,f on a sphere. The overlap between the conjugate pseudo-spin states
is related to the distance between the two vectors §; = ‘0’]: — aﬂ by

(e 0] vio) =1-8 (32)

Thus, the square of the distance §; is the distinguishability between the two conjugate states.
This geometrical picture gives an interpretation of the decoherence process as a measurement.
The ‘measuring device’ composed of nuclear spins evolves in two pathways, each for an electron
spin eigenstate, up or down. When the sum of the distinguishability between the conjugate states
of all pair-flips is large enough, the ‘device’ states are ‘macroscopically’ distinguishable. The
coherence between the basis states is destroyed by the measurement [46]. The pseudo-spin picture
will provide us with a physical guide to the decoherence control by pulse sequences, which is
not available from the density matrix expansion method [7].
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<

Figure 5. The Bloch vectors for the pseudo-spin states |1/r,f(t)) precess about the
pseudo-fields X,f for the electron spin states |£), respectively.

3. Free-induction decay

The separation of the single-system dynamics from the ensemble dynamics offers an opportunity
to study the FID of electron spin coherence due to dynamical entanglement, which would
otherwise be concealed by the much stronger effect of inhomogeneous broadening and could
not be resolved in ensemble dynamics study [7].

The pseudo-spin evolution is directly calculated from equation (29) to be

+ j:
() = <cos)%t — iéy - sin X—> 1), 33)

where the sine function of a vector v is defined as sin(v) = (v/v) sin(v). The distinguishability
between the conjugate pseudo-spin states |1ﬂ,f) is

2Xk

t
8i = t* (B E;, — AyDy)? sinc sz sinc >

+ .92
[(Bk + Ay) cos 2tsch2t (B, — Ay)cos %‘smc th] . (34)
This expression is used in the numerical evaluation of the electron spin coherence.

To gain some insight into the FID features, we make two approximations which are well
justified. First, the pseudo-spins are separated into two groups, G, and Gp, corresponding to
nonlocal and local flip—flops, respectively. For the local pair-flips (k € Gj), the transition matrix
element is dominated by the intrinsic nuclear spin interaction as By > A; under a moderate
magnetic field, while for the nonlocal pair-flips (k € G,), the extrinsic hyperfine-mediated

interaction dominates’. Thus the coherence is factorized as
S A B
L = Ly x L] _, (35a)

+,—

7 The boundary between the two groups is not exact but this is not important since the pair-flips around the boundary
are much weaker in the strength of the transition matrix elements than those in G and are much fewer in number
than in G4.
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Figure 6. (a) The conjugate Bloch vectors for a pair-flip by the intrinsic nuclear
interaction with the diagonal part neglected ( X,f = (B, 0, £E})). (b) The same as
(a) but for a nonlocal pair-flip [ x,f = +(Ay, 0, Ep)]. (c) and (d) are the projections
of (a) and (b) to the x—y-plane, respectively, in which the dotted trajectories show
the effect of the diagonal nuclear interaction (Dy) (with the deviation from the
solid curves exaggerated for visibility).

=TT [ o]

kEGA/B

1
= exp —3 Z 5 |- (35D)

keGa/p

The pseudo-spins in G4 and those in G g have dramatically different precession behaviours. The
conjugate pseudo-spins for a nonlocal pair-flip precess into opposite directions (see figures 6(b)
and (d)), since both the transition amplitude (A;) and the dominating part of energy cost (Ej)
are associated with opposite signs for opposite electron spin states because of their hyperfine
interaction origins. On the other hand, the intrinsic nuclear spin interaction is independent of the
electron spin state, and the corresponding pseudo-spin bifurcates tangentially (see figures 6(a)
and (c)). In the second approximation, we neglect the diagonal nuclear spin interaction Dy,
which is justified from equation (34) with the condition D; < E;. This simplification can also
be understood with the geometrical picture shown in figure 6. A small change of the energy
cost by the diagonal nuclear interaction induces only a slight modification of the pseudo-spin
precession pathways, and hence a negligible change of the distance §;. We will see, however, the
diagonal nuclear spin interactions are important for the decoherence dynamics under control by
pulse sequences.
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With the two simplifications and the conditions E; > By, Ay, the distinguishability between
conjugate pseudo-spin states is

412 A} cos? Blsinc® B ~ 42 A7 (k € Gy),
52 = (36)
t*EfB}sinc* & ~ r*E7 B} (k € Gp),

where the short-time approximation holds for ¢ <« Ek_l. Within timescales of interest
(r < B;l, A,:l), it is always satisfied that §7 < 1, so the coherence is approximated as

5 Ext Eit
Ef,_ = exp [ -2 Z A2 cos —ksinc Tk , (37a)
kEGA
1 Eit
£l Zexp|—r > E,EB,’g‘sinc“Tk . (37b)
kEGB

As the number of pseudo-spins is large, the details of individual pseudo-spins are not
important to the decoherence but what matters is the excitation spectrum, which is
defined as®

Sa(e) = Z §(e — Ep) A2, (38a)
keGy

Sp(e) = Z §(e — E;) B2, (38b)
keGp

for the pair-flips in group G, and G, respectively. The decoherence in terms of the excitation
spectra is

, &t

t
L!_ =exp (—212 / de S, (e) cos 2s1nc 5) , (39a)

1 t
£f,_ = exp <—§t4 / de SB(e)szsinc4%) . (39b)

We are now ready to analyse some important features of the FID, including the short-time
behaviour, the dependence on the field strength and on the QD size, and the emergence of
Markovian decay.

In the timescale t < Ek_1 , the pair-flips cannot be described by energy-conserving scattering
events, but should be understood in terms of quantum evolution. The decoherence is a highly non-
Markovian dynamics. Particularly, in the very initial stage (f < Ek_l), according to equation (36),
the electron spin coherence is well approximated as

£2_~exp(—1*/T;,). (40a)

8 The definition of the excitation spectrum at vanishing frequency, however, is tricky as the density of states at
€ = 0 can be made arbitrarily large by enclosing nuclear spins out of the range of the electron wavefunction, which
contribute to local pair-flips costing zero hyperfine energy (E; = 0) and inducing no decoherence. To remove such
indefiniteness, we indeed define the regularized excitation spectra to be S4/5(€) = | Ej: *Sa/p(w)dw/ S O dw,
where € is chosen such that 1! > € > By.
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L2 ~exp(—t*/Ty ), (40b)
which is not an exponential decay, a typical indicator of Markovian dynamics. Note that the
exponential indices are substantially different from the semiclassical theory predictions [25, 26].
The decoherence times in the short-time limit are

—1/2
NQ

T~ <2ZA§) ~ (41a)

keGy a

-1/4

1 N5/12
T~ |- E?B? ~— 41b
s (T )~ o

B

Here, we have used the facts that A, ~ N _zAiQ; ! the number of spin pairs connected
by the extrinsic hyperfine-mediated interaction is about N2, the number of spin pairs connected
by the intrinsic interaction is of the order of N, and the typical hyperfine energy cost E; for
spin flip—flops between neighbouring nuclei is of the order of N~'3a, , ~ N=*3A,.

A few features of the FID in the short-time limit (r < Ek’l) are summarized as follows.
The decoherence caused by the intrinsic interaction has a quartic exponential decay profile and
that by the hyperfine-mediated interaction has a quadratic one. So the decoherence is initially
dominated by the hyperfine-mediated interaction and then cross over to the regime dominated by
the intrinsic interaction as time increases. For a QD with 10° nuclear spins and an external field
of strength 10 tesla, the decoherence times due to the local and nonlocal pair-flips, 75 and T4, are
both of the order of 1 us. The two decoherence times have very different dependence on the QD
size (measured by N) and the field strength (measured by €2.), as can be seen from equation (41).
The hyperfine-mediate interaction could be the dominating decoherence mechanism when the
QD size is small or when the external magnetic field is weak (e.g. By ~ 1 tesla). The intrinsic
interaction becomes dominating for large QD or when the field is strong (see figure 7). In a QD
of proper size and under an external field of proper strength, the crossover from the quadratic
to the quartic exponential decay presents in a visible regime, i.e. in a time range where the
electron spin decoherence has decayed by a finite amount but not vanished yet (see the curves
for Bey = 12tesla in figure 7(b)). The crossover can be tuned to occur after the coherence has
vanished (as for By < 10tesla in figure 7) or before the decoherence is significant (as for
By > l4tesla for the QD in figure 7, in which the data are not shown), then the decoherence
in the visible regime will be dominated by the hyperfine-mediated interaction or the intrinsic
interaction, respectively. Particularly, in the strong field regime, the decoherence time of FID
in single-system dynamics would be greatly underestimated without the intrinsic nuclear spin
interaction included [17]-[22].

In general, the Markovian decay will emerge with time increasing, particularly for ¢ > Ek_1 ,
when the Fermi-Golden rule starts to come into effect (as indicated by the sinc function in
equations (37) and (39)). Actually, the spin coherence at time ¢ is mostly determined by
the pseudo-spins with energy cost E; < t~!, while the effects of pseudo-spins with higher
precession frequency are cancelled out by destructive interference (between the fast-oscillating
sinc functions). In the long-time limit (while <« B,:l is still satisfied), the excitation spectra
Sa,8(¢) in equation (39) can be taken as ‘flat’ in the frequency range [ — 1/¢, 1/¢], which covers
those pseudo-spins that contribute significantly to the decoherence. The assumption of ‘flat’
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Figure 7. (a) Electron spin coherence as functions of time for various field
strengths. (b) The logarithm plot of (a), in which the curve for B, = 12 tesla
is compared with the contribution by the hyperfine-mediated interaction (the
dashed line) and that by the intrinsic interaction (the dotted line), respectively.
The size of the InAs dot is 33 x 33 x 3 nm? and the nuclear-spin initial state | 7)
is randomly selected from an ensemble at temperature 1 K. The field strength is
indicated by the numbers for each curve.

spectra is just the Markovian approximation. So for time much greater than the inverse widths of
the excitation spectra (which are roughly the inverse typical energy cost of the pair-flips, E; '),
the electron spin coherence is approximated as

-1 2 i 2
£A_ ~ e—tSA (t )f4cos xsincxdx e—t/TOO_A’ 424
+

B~ .—1Sg(t7 ") [ 4sin® xsinc2xdx
L8~ et
+ —

= e /T, (42b)

presenting an exponential decay, a signature of the Markovian dynamics. The decoherence rate
in the Markovian regime is determined by the weighted density of states of the elementary
excitations, i.e. the pair-flips, which, by the definition of the excitation spectra in equation (38),
is related to the Fermi—Golden rule by

Tl =81 ) AW(t7' — Ey), (43a)
k
T s=8) Bis( —E), (43b)
k
where &4, denotes the integral in equation (42) and is of the order of unity.
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Figure 8. (a) The electron spin coherence in a QD of size 15 x 15 x 2.4 nm?,
under a field of 10 tesla and temperature of 1 K. The lower curves are calculated
with the hyperfine-mediated pair-flips neglected, and the dotted lines are the
short-time profile. The non-Markovian-to-Markovian crossover is observed.
(b) The excitation spectra for the nonlocal and local pair-flips.

Under the conditions considered in this paper, the Markovian behaviour will not be fully
developed before the coherence has totally vanished, but instead a crossover behaviour, namely,
a reduction of the exponential index could be observed in the visible regime for certain QD
size and field strength. An example of such non-Markovian-to-Markovian crossover is shown in
figure 8(a). The typical energy cost of local pair-flips and that of nonlocal ones is in the order of
AyN~*3 and A,N~!, respectively, so the excitation spectrum of local pair-flips is much narrower
than that of nonlocal ones (as shown in figure 8(b)). Thus we expect that the Markovian dynamics
will emerge earlier for the quadratic exponential decay (caused by nonlocal pair-flips) than for the
quartic one (caused by local pair-flips). To observe the non-Markovian-to-Markovian crossover
before the decoherence is complete, one should have Ek_1 < T, 4/p which s satisfied in relatively
small QDs (for decoherence contributed by local pair-flips) or under relatively strong external
field (for decoherence contributed by nonlocal pair-flips).

Due to the rich crossover behaviours discussed above, the decoherence in general cannot be
characterized by a single time parameter 7,. We introduce a decoherence time 7' /. to quantify the
time when the electron spin coherence has decayed to 1/e of its initial value. The decoherence
time 7T . can approach 75 4, 15 g, Too 4, OF T 5, depending on the QD size and the field strength
which set the conditions for the crossovers. The field- and the size-dependence of different
decoherence times shown in figures 9 and 10, respectively, are consistent with the analysis
above. For comparison, we also plot the decoherence time measured by the Hahn echo Ty,
which will be studied in the next section.
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Figure 9. Field dependence of decoherence times with the inhomogeneous
broadening effect excluded (7} ,.—time for FID coherence being 1/e of its initial
value, T, 4—FID decoherence time resulting solely from hyperfine-mediated pair-
flips, T, s—FID decoherence time resulting solely from the intrinsic nuclear spin
interaction, Ty—decay time of the Hahn echo signal). The «/§T2, g 1s plotted to
compare with the Hahn echo decay time. The QD is as in figure 7.
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Figure 10. QD-size dependence of decoherence times with the inhomogeneous
broadening excluded (see figure 9 and the text for definition). The ﬁTz’ B 1S
plotted to compare with the Hahn echo decay time. The QD size is varied with
fixed width : depth : height ratio 33 : 33 : 6, the field strength is 10 telsa, and the
temperature is 1 K.

4. Hahn echo signal

The FID studied in the previous section is not visible in ensemble experiments in which
dephasing due to inhomogeneous broadening is faster by orders of magnitude than decoherence
by dynamical entanglement. It might be difficult in the near future to directly observe the
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single-system dynamics by filtering out the inhomogeneous broadening with projective
measurement of the local Overhauser field [20], [67]-[69]. Thus the spin echo may be used
to study the electron spin decoherence problem in QDs. In Hahn echo experiments, the static
Overhauser field experienced by the electron spin effectively changes its sign each time the
electron spin is flipped by a short w-pulse. Considering the simplest configuration in which only
one pulse is applied at r = 7, the precession phase accumulated from the random local fields
is eliminated at + = 27. Thus the decay of Hahn echo signals at t = 27 is solely due to the
dynamical entanglement. The decay time of Hahn echo signals is usually used to quantify the
spin decoherence time. We shall show, however, the Hahn echo decay time cannot be equated
with the decoherence time, as the decoherence by hyperfine-mediated interaction will be virtually
eliminated from the echo signal and that by intrinsic interaction is also suppressed to some extent.

The rr-rotation or flip of the electron spin for Hahn echo can be operated by a GHz microwave
pulse [71]-[73], which is only marginally fast enough for eliminating the rapid dephasing by
inhomogeneous broadening in I1I-V compound QDs. In optical control of an electron spin [74],
an arbitrary rotation of the electron spin can be completed in the timescale of 10 ps via exciton-
mediated Raman processes. With respect to the timescale of the electron spin decoherence, the
optical pulses can be considered instantaneous. The recent experiment on double GaAs QDs also
employs a rather long dc voltage pulse to control the singlet—triplet transition to realize the spin
echo [40], which does not satisfy the instantaneous pulse condition. It is certainly interesting to
study the electron spin decoherence under the control of finite-duration pulses [56], but in this
paper we would rather focus on the case of instantaneous pulses.

As our general rule, the Hahn echo signal is determined by the distinguishability §7 between
the conjugate pseudo-spins. In the rotating reference frame rested on the electron spin, the
pseudo-spin states after the w-pulse applied at t are

Wi > 1) = U7t — U @) |), (44)

which is equivalent to the conjugate pseudo-spin states |1ﬁ,f (1)) exchanging their pseudo-fields
x,“f when the electron spin is flipped. The trajectories of the Bloch vectors, projected to the
x—y-plane, are shown in figure 11, both for local and for nonlocal pair-flips. The pseudo-spin
states after the flip pulse are

$t/ + qtt/ +
WiE(r+1)) = |:cos sz cos % — sin X; - sin %
Fy + + Fy/ Fy +
—ioy - | cos Xk sin Xt + cos X ® sin X + sin X X sin Xt | ).
2 2 2 2 2 2
(45)
The Hahn echo signal is
£, o =[]l @eolyi o). (46)
k
With the same arguments as in section 3, the electron spin decoherence can be factorized
into two contributions, namely £ _ = £fy_ X £f,_ with
P~ [T exp(-51/2). (47)
kGGA/B
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Figure 11. (a) The trajectories (projected to the x-y-plane) of the conjugate
pseudo-spins by the intrinsic interaction. The conjugate pseudo-spins |1p,f)
exchange their pseudo-fields X,f at ¢+ = v when the electron spin is flipped by
a short pulse. The solid and dotted curves denote the trajectories before and after
the flipping pulse, respectively. (b) The same as (a) but for a nonlocal pair-flip by
the hyperfine-mediated interaction.

For the local pair-flips driven by the intrinsic nuclear spin interaction, the distinguishability
between conjugate pseudo-spins at = 27 is calculated by setting D, = A, = O:

8 = 120)*E?Blsinc* Bt ~

i B~ 1Q0*ELBE, (48)

where the second approximation holds for T « Ek_l. The short-time behaviour is

LB (1)~ e @/ Tin, (49)
the same as the FID signal except that the decay time

Tus = N2Ts 5. (50)

For nonlocal pair-flips driven by the hyperfine-mediated interaction, the pseudo-fields X/jf are
opposite to each other if the energy cost due to the diagonal nuclear spin interaction is neglected
(Dy = 0). In this case, the pseudo-spins simply reverse their precession directions when the
electron spin is flipped, returning to its original states at the echo time, as shown in figure 11(b),
so the decoherence by the hyperfine-mediated pair-flips is fully eliminated if Dy is negligible. The
elimination of the hyperfine interaction induced decoherence by spin echo was noticed before in
numerical simulations of few-spin systems [23]. As the leading order of the distance §; vanishes at
the echo time, the secondary effect of the diagonal nuclear spin interaction becomes important.
The distinguishability between conjugate pseudo-spins for nonlocal pair-flips, including the
effect of Dy, is given by

8¢ = 120 DiAfsinc* BT ~ 1(21)* DI A7, (51)
where again, the second approximation holds for T <« Ek_l. The residual decoherence due to the
interplay of the hyperfine-mediated interaction and the diagonal nuclear spin interaction has the
quartic exponential form for T <« Ek’1 as

LA (21) = e YT, (52)
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The corresponding decoherence time is

~1/4
N1/2Ql/2
Tya = (Z D,%Ai/S) ~ ’

— 7 (53)
keGy Aa Dllf/z
proportional to the square root of the field strength.

Now we compare the echo signals to the FID signal in single-system dynamics (see figures 9
and 12). The observation is that the decoherence due to the dynamical quantum entanglement
in general is not measured by the Hahn echo signals. Firstly, the FID and the echo signals could
have qualitatively different short-time behaviours, as the former could have quadratic exponential
decay due to the hyperfine-mediated interaction while the latter always has the quartic exponential
decay. Secondly, the decay timescale could be dramatically different from the FID to the Hahn
echo. The difference in the decay time can be discussed in three regimes of field strength, roughly
divided by

I:Q. < AN, (54a)

I: AN« Q S AN (54b)

. APNT712B 1 « (54¢)
corresponding to

I:Typ 2 Tua, (55a)

IL: Tua > Tup ~ Top 2 Toa, (55D)

Ol : T34 > 15 . (55¢)

In regime I, the hyperfine-mediated interaction is important both in the FID and in the Hahn echo
decay. As the excitation of nonlocal pair-flips is eliminated in the leading order at the echo time
(see figure 11(b)), the echo decay time is much longer than the FID decoherence time, namely,

Tr.a/Taa ~ | NQDy /AL L 1, (56)

for QDs of reasonable sizes. The pair-correlation approximation, however, is not valid in regime
I, since the condition that the number of pair-flips in the timescale of 7y 4 be much fewer
than the number of nuclei requires N > A%3Q-%3D. > for the hyperfine mediated nonlocal
pair-flips and N < A*3Q:*3D;*” for the local pair-flips driven by the intrinsic interaction
(see appendix C for estimation of the pair-flip numbers), which cannot be simultaneously
satisfied. Theories beyond the pair-correlation approximation need to be developed to explore this
regime. In regime II defined by equation (54b), the hyperfine-mediated interaction contributes
significantly to the FID but virtually nothing to the Hahn echo decay. In this regime, the decay

time measured in echo signals is much longer than the FID decoherence time as
Ty = \/ETZ,B > T5.4. (57)
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Figure 12. (a) Comparison of the Hahn echo (dashed green line) and the FID
(solid red line) signals. The FID signal is also shown with the hyperfine-mediated
pair-flips neglected (dotted blue line). (b) The logarithm plot of (a). The QD is as
in figure 7, with By = 2 tesla.

In regime III, the hyperfine-mediated interaction is strongly suppressed, so the FID and the Hahn
echo decay, both determined by the intrinsic nuclear spin interaction, have essentially the same
decay profile but different decay times (differing by a factor of v/2).

As the leading order effect of the hyperfine-mediated interaction is eliminated by spin echo,
it is critical to include the intrinsic nuclear spin interaction in studying the spin echo signals.
Note even for relatively weak external field (B, < 0.01 T in regime I for typical QDs) where the
decoherence induced by the intrinsic interaction is relatively slow (Ty g > Ty 4), the intrinsic
interaction is still important to give the correct residual decoherence effect together with the
hyperfine-mediated interaction (see equation (51)). Actually, it has been shown before that if the
intrinsic nuclear spin interaction is neglected and the 7; (electron spin-flip) process is suppressed,
the decoherence caused by the hyperfine interaction is totally removed by spin echo [23] (which
can be easily understood in the second-order term used in this paper by noticing that A, = —H_
in equation (3) if the intrinsic interaction Hp and Hp are set zero). Thus it may be concluded that
only when the external field is so weak that the 7 relaxation is significant (Bey, < TQ*_1 ~0.001T
for typical QDs [4]), can the theories neglecting the intrinsic nuclear spin interaction [17]-[22] be
applied to study spin echo signals. It should also be mentioned that even in the spin echo signals,
the hyperfine-mediated interaction plays a nontrivial role in the relatively weak field regime
and our results for spin echo signals reduce to those calculated without the hyperfine-mediated
interaction [7, 8] only in regimes II and III.

We have seen notable difference between the FID and the Hahn echo decay in all the three
field strength regimes discussed above. Such difference is indeed a consequence of the modified
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dynamics of a mesoscopic bath (the nuclear spins) under the manipulation of the quantum object
(the electron spin). In semiclassical spectral diffusion theories, the electron spin experiences
passively the “background” of fluctuating local fields. In the full quantum theory, the electron
spin dynamics actively alters the mesoscopic bath dynamics (as the nuclear spin pair-flips depends
dramatically on the electron spin state). Such a view paves the path toward manipulation of the
nuclear spin dynamics in mesoscopic QDs and control of the electron spin decoherence.

The active modification of the bath dynamics by the manipulation of the quantum object
also manifests itself in the effect of the diagonal nuclear spin interaction on the Hahn echo signal
(see equation (51)). The diagonal nuclear spin interaction contributes much less energy cost of
a pair-flip than the hyperfine interaction (D; < E;) and has no direct effect on the effective
Overhauser field felt by the electron spin. Thus it is expected that the diagonal interaction terms
should have little effect on the electron spin decoherence. The calculation of the FID signal in
section 3 indeed confirms such a semiclassical argument. The difference between the quantum
theory and its semiclassical counterparts becomes significant when the electron spin is under
control. In semiclassical theories, the electron spin only passively detects the fluctuating local
field which is essentially independent of the electron dynamics, so the diagonal nuclear spin
interaction should contribute no more than it does in the FID configuration. In the quantum
theory, the nuclear spin dynamics conditioned on the electron spin state is held responsible for
the electron spin decoherence. The diagonal nuclear spin interaction affects the nuclear spin
dynamics significantly and thus contributes to the decoherence when the nuclear spin dynamics
is under active control by the manipulation of the electron spin state. In the next sections, we
will see the importance of the diagonal nuclear spin interaction in determining some qualitative
decoherence features.

5. Disentanglement and recoherence

In the previous section, we have seen that the decoherence caused by the hyperfine-mediated
interaction is nearly eliminated in Hahn echo signals. Such elimination of decoherence is realized
because the hyperfine-mediated pair-flips are reversed when the electron spin is flipped at = 7
(see figure 11(b)) and hence the pseudo-spin states |1p;f (1)) return to their original positions at
t = 21. As the decoherence is caused by the entanglement between the electron spin and the
nuclear spins, the elimination of decoherence, also called ‘recoherence’, can be understood in
terms of disentanglement. For nonlocal pair-flips under Hahn echo control, the disentanglement
is realized at t = 27 when the electron spin and the pseudo-spin are brought back to a factorized
state C, |[+) |7 (20)) + C_|=) |y 2D) with [ (27)) = |95 (0) = | ).

In general, a pseudo-spin (or the environment) is disentangled from the electron spin (or
the quantum system in contact with the environment) whenever its states |1,0,2—L (1)) for different
electron spin states |£) become identical, but need not return to the original states |1ﬁ,f (0)).
When the electron spin is flipped, the conjugate pseudo-spins exchange their pseudo-fields, so
their trajectories on the Bloch sphere will inevitably intersect, leading to the disentanglement’.
The intersection of conjugate pseudo-spins driven by the intrinsic nuclear spin interaction is

° A pseudo-spin is disentangled from the electron spin after a full precession cycle in free evolution. But the pseudo-
field strength in is different for different pseudo-spins, so is the disentanglement time, making it impossible for the
recoherence to occur in QDs of many nuclear spins without applying a controlling pulse. For small QDs, however,
spontaneous recovery of coherence in FID may be observed.
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actually seen in figure 11(a), which, unlike that for nonlocal pair-flips, occurs at a time different
from the echo time. The intersection time, in general, is different for different pair-flips, making
it impossible to fully recover the lost electron spin coherence. Nonetheless, in the short-time
limit (7 < Ek_1 ), the distance between conjugate pseudo-spins is eliminated in the leading order
of time, simultaneously for the same group of pair-flips, as have been seen for nonlocal pair-flips.
It is straightforward to verify that for the local pair-flips, such coincident disentanglement does
take place at r = +/27 in the single- pulse Hahn echo configuration (the magic number +/2 can
be understood by noticing that §; o 72 at short-time limit and (V272 — 12 = 12).

With the leading order contribution vanishing, the distinguishability between conjugate
pseudo-spins at the disentanglement time (+/27), including the effect of the diagonal nuclear
spin interaction, in the next leading order of 7 for local pair-flips is

8:(v27) ~ E B D7, (58)

Note that the residual decoherence would otherwise be of a higher order in 7 if D; were set to
zZero:

5:(v21) ~ E Bt (59)

Here we see again that the small effect of the diagonal nuclear spin interaction (the D, term)
emerges when the nuclear spin dynamics is under control.

A semiclassical spectral diffusion theory also predicts a coherence recovery at a time earlier
than the echo time (27) when the random field memory time (z.) is comparable to the pulse
delay time [75]. But the semiclassical theory differs qualitatively from the quantum counterpart
on at least two aspects: (i) the recovery time depends on t., being about t + 7. for 7. < 7 and
approaching 27 when t. > 7; and (ii) the exponential index of the decoherence profile in the
spectral diffusion theory is essentially unchanged by the control. The latter difference points
directly to a fundamental shortness of the semiclassical picture: it does not take into account the
active control of the local field fluctuation by the flip of the quantum object but considers the
quantum evolution of the bath as a fluctuating field experienced passively by the quantum object.

Inclusion of contributions from both local and nonlocal pair-flips fields the pulse-controlled
decoherence in the short-time limit,

(«/E‘L') e (fr) /TS 5 < e —(V2- 2) TZ/TZA (60)

where the effectlve decoherence time due to the residual entanglement from local pair-flips is
defined by

Ty~ Y E{BLD;. (61)
kEGB

The electron coherence is recovered at +/27, even when the pulse is applied after the coherence
has been totally lost in FID (for t > T; g). Such recoherence in single-system dynamics and the
spin echo in ensemble dynamics have different physical bases: the former is due to quantum
disentanglement, but the latter is due to classical refocusing of random phases. The difference
between the two is already evidenced by their different occurrence time. Figure 13(a) plots
an example of the real-time dependence of the electron spin coherence under a single-pulse
control, which demonstrates the recovery of the coherence even when the FID signal has vanished
for the chosen delay time. The contribution from the hyperfine-mediated pair-flips, which are
not reversed at +/27, makes the coherence to be only partially recovered. Under a stronger
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Figure 13. (a) The electron spin coherence under the control of a short 7-pulse
applied at T = 2 us (when the FID signal has vanished), the recoherence at /27
is pronounced while no signal survives at the echo-time 2t. (b) The electron
spin coherence under the control of a sequence of evenly spaced pulses. (c) The
electron spin coherence under the control of a Carr—Purcell pulse sequence. The
arrows indicate positions of the short pulses. The solid blue (dotted red) lines are
calculated with(out) including the hyperfine-mediated pair-flips. The QD is as in
figure 7 with B, = 10 tesla. No ensemble average is calculated.

magnetic field, a full recovery at ~/27 can be realized as the hyperfine-mediated interaction is
fully suppressed (not shown).

As illustrated in figure 14(a), a sequence of pulses can force the trajectories of conjugate
pseudo-spins to cross into each other again and again. In the short-time limit (the delay time
T KL Ek_l), an equally spaced pulse sequence eliminates the entanglement due to the local pair-
flips up to the 72 terms, leading to a sequence of recoherence at

th=ynn+D1, n=1,2,.... (62)

One can verify these magic numbers by using the quadratic dependence of §; on time and
checking that (v/n(n + 1)7:)2 — (n)? = () — (Vi — 1)71‘[)2. The decoherence caused by
the hyperfine-mediated pair-flips under the control of evenly spaced pulses is bounded, which
can be understood from the reversed precession of the corresponding pseudo-spins. Figure 13(b)
confirms ou