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Eigen problem
• Mathematic

• Quantum Mechanic
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Matrix mechanics



Eigen problem
Density matrix and partition function,

Many interesting physical variables,
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Finding roots of high-degree polynomials is a numerically tricky task

A better idea is to make use of the orthogonal or unitary transform

Unitary transform does not change the eigenvalue of a matrix!
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Theorem: Suppose matrix A is real and symmetric, then

(1) All of the eigenvalues are real;

(2) Any two eigenvectors with different eigenvalues are orthogonal to 

each other;

(3) There exists a orthogonal matrix U that transforms A into a diagonal 

matrix.



For eigen problem of a hermitian matrix C=A+iB, 

it can be mapped into the eigen problem of a real symmetric matrix
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Full Exact Diagonaliaztion
1. Jacobi method
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U is the product of all rotation matrices.
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2. QR or QU factorization——widely used method

Decomposition of a matrix H into a product of an orthogonal matrix Q

and an upper triangular matrix R,

It can be proved that Hk+1 is similar to Hk,
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Two strategies are used to improve covergence.

(1) shifted QR

(2) two steps

symmetric
matrix

tridiagonal
matrix

diagonal
matrix

Householder
transformation

QR
factorization



Lanczos Exact Diagonalization
1. Power method

Eigenvalues: |λ1| > |λ2| > |λ3| >...,

Eigenvector: u1, u2, u3,….
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2. Krylov subspace

For H∈Cnxn and 0≠v0∈Cnxn,

Ill-conditioned: Hm-1v0 point more and more in the direction of the dominant

eigenvector for increasing m, and hence the basis vectors become dependent

in finite precision arithmetic. It is better to work with an orthonormal basis.

(1) symmetric matrices——Lanczos algorithm;

(2) unsymmetric matrices——Arnoldi algorithm.
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3. (Modified) Lanczos algorithm

Lanczos method: construct a special orthogonal basis by numerically efficient

recursion scheme where the Hamiltonian has a tridiagonal representation.
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∑ Gram–Schmidt process 
cost time and memory

Since we use floating
point arithemetic, when
the basis size becomes
large, round-off errors
accumulation makes the
orthogonality lost.



Every iterative step generates one Krylov vector,

These vectors form Krylov matrix V with orthonormal columns. This

matrix can project the Hamiltonian matrix into a tridiagonal matrix in

Krylov subspace.
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How to get the orthogonal matrix U ?

QR(QL), MRRR, …~ 100M



4. Sparse matrix storage format: Compressed Row Storage (CRS)

MPI .vs. OPENMP



5. Degenerate states and excited states

vk is a superposition of u1 and u2。

(1) Gram–Schmidt process: each new Lanczos vector constructed is
explicitly orthogonalized with respect to all previous basis vectors.

(2) Instead of converging several excited states in the same run, one can
also target excited states one-by-one, starting each time from a
vector which is orthogonal to all previous ones.
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∑ u1,u2 are degenate states.

Anders W. Sandvik, AIP Conference Proceedings 1297, 135 (2010)



target excited states one-by-one



6. Download and run the source code

Download the source code: https://github.com/hqwu/Lanczos-exact-diagonalization

Finite-size gound
state energies of 
1D Heisenberg 
model.



Summary
1.Full exact diagonalization

(1)similarity transform to get the tridiagonal or diagonal matrix;

(2)QR or QL factorization to diagonal form.

2. Lanczos exact diagonalization

(1)Krylov subspace;

(2)degenerate states need to be careful ;

(3) excited states can be got by targeting one by one or using reorthogonalization.
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Appendix A
Four-site plaquette

Basis of Mz=0 sector:
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