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Eigen problem

Density matrix and partition function,
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g’> m is the number of degenerate ground states.



Finding roots of high-degree polynomials 1s a numerically tricky task

det(4-AI)=0 8@

A better 1dea 1s to make use of the orthogonal or unitary transform
H' =U'HU,U'U=UU"=1,H'®' = ED’
=>U'HU®' = E®' = HU®) = E(UD)

Unitary transform does not change the eigenvalue of a matrix!

H—->U'HU, »>U/U HUU, —»---UJU'HUU,---— A
A=U'HU, U=UU,U,--- Jacobi iterative method, power method, ...



Theorem: Suppose matrix A 1s real and symmetric, then

(1) All of the eigenvalues are real;

(2) Any two eigenvectors with different eigenvalues are orthogonal to

each other;

(3) There exists a orthogonal matrix U that transforms A into a diagonal

matrix.



For eigen problem of a hermitian matrix C=4+18,
(A+iB)-(u+iv)=A(u+iv)

it can be mapped 1nto the eigen problem of a real symmetric matrix

(0

C'=C=>A4A"=4,B" =-B



Full Exact Diagonaliaztion

1. Jacobi method
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Example:
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2. OR or QU factorization

widely used method

Decomposition of a matrix A into a product of an orthogonal matrix QO

and an upper triangular matrix R,

H=H—>H, = QkRk > H, A = Rka —>H, = Qk+1Rk+1 —

[t can be proved that A, is similar to /,,
H,_, =R0 =0,0R0 =0,HQ,
=0, 0 H,,,0,.,0,==0,0., 0 HQ,-0,,0,
= H=UAU",U=0,0, -0,



Two strategies are used to improve covergence.

(1) shifted OR

(2) two steps
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Lanczos Exact Diagonalization

1. Power method

1.0 ¢
Eigenvalues: |4,| > |A,| > |45] >...,
| 0.5}
Eigenvector: u,, u,, us,....
n
— 0.0
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i=1
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k k-1 k-2 0




2. Krylov subspace
For H&€ (™" and 0£v, € C"™",
{vO,Hvo,szO,---,Hj‘lvo} : Krylov sequence
K" (H;v,)=span {vo SHv, ,H"v,,, H’"‘lvﬂ} : Krylov subspace
Ill-conditioned: H™!v, point more and more in the direction of the dominant

eigenvector for increasing m, and hence the basis vectors become dependent

in finite precision arithmetic. It 1s better to work with an orthonormal basis.

(1) symmetric matrices Lanczos algorithm;

(2) unsymmetric matrices Arnoldi algorithm.



3. (Modified) Lanczos algorithm

Lanczos method: construct a special orthogonal basis by numerically efficient

recursion scheme where the Hamiltonian has a tridiagonal representation.

.
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Every iterative step generates one Krylov vector,

3\
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9 9 9 9
VO LY J0,9) s |

These vectors form Krylov matrix V with orthonormal columns. This

4

matrix can project the Hamiltonian matrix into a tridiagonal matrix in

KI'YIOV sub Space. (ao b, 0 -- 0 0 \ Eigenvalues
b, a, b, - 0 0 A=U'TU
T = V’r HYV = 0 b : 4 0 0 =U JrVJr HYV'U Eigenvectors

How to get the orthogonal matrix U ?

M ~100 0 0 0 - a,, b,,| QRQL), MRRR,...




4. Sparse matrix storage format: Compressed Row Storage (CRS)

00 200 0O00
0O 000 O OTUO0ODDO
04 000700
00 00 O0OOTUO0OTU O
0 0006 900
00 0 00 O0O0 S5
03000000
001 76 000

f’3\

—_ N ) D =

'\ZJ

.CRS format«

val=[2 4 7 6 9 531 7 6
row_prt:[l 2 2 4 4 6 7 8 11]

col _ind=[3 2 6 5 6 8 2 3 4 5]

The row_ptr vector stores the locations in the val vector that start a row.

y=Ax, y,=) a,x,
-

fori1=1,n
y(1)=0

for j =row_ptr(1), row ptr(i+1)-1
v(1)=y(1)+val(j)*x(col 1nd(}))

end

end

MPI .vs. OPENMP



S. Degenerate states and excited states

n
k k
Vi = }1 |:a1u1 To,u, + Z(i,- //11) 05,-”,-j| u,,u, are degenate states.
i=3
Vv, 18 a superposition of u, and u,,

(1) Gram—Schmidt process: each new Lanczos vector constructed is
explicitly orthogonalized with respect to all previous basis vectors.

(2) Instead of converging several excited states in the same run, one can
also target excited states one-by-one, starting each time from a
vector which 1s orthogonal to all previous ones.

Anders W. Sandvik, AIP Conference Proceedings 1297, 135 (2010)
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6. Download and run the source code

E,/L

-0.40
-0.41
-0.42

-0.44
-0.45

-0.46

-0.47

| [ m OBC|] OBC,24-site ]
L | @ PBCl E0=-10.4537857604096 -

-0.43

PBC, 24;_.\'\.\
E0=-10.6700145165372

—

.48 i 1 L | " 1 L | L 1 L | ;
0.00 002 004 006 008 0.10 0.12 0.14

1/L

Finite-size gound
state energies of
1D Heisenberg
model.

Download the source code: https://github.com/hgwu/Lanczos-exact-diagonalization



Summary

1.Full exact diagonalization

(1)similarity transform to get the tridiagonal or diagonal matrix;
(2)OR or QL factorization to diagonal form.

2. Lanczos exact diagonalization

(1)Krylov subspace;

(2)degenerate states need to be careful ;

(3) excited states can be got by targeting one by one or using reorthogonalization.
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Appendix A

Four-site plaquette

Basis of M =0 sector:

W1> = ‘T1T2¢3‘L4>:‘11120304>:3» ‘W2> = ‘T1¢2T3‘L4> - ‘110213O4>

W3>:

l//5>:

H=J (él +§3)(§2 +§4)+J2(§1§3 +§2§4)

L) =
L) =

0,1,1,0,)=6,
0,1,0,1,) =10,

S,
v =441, =[10,0,1,) =9,
W6> = ‘¢1¢2T3T4> = ‘01021314> =12
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Appendix B
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