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1. Introduction



Bosons:  
symmetric under permutation; 
represented by complex numbers; 
Collective modes; 
Bose-Einstein condensation;… 

Fermions:  
anti-symmetric under permutation; 
represented by Grassmann numbers; 
Pauli exclusion principle; 
Fermi surface; …

Jordan-Wigner transformation (1928); 
sine-Gordon = massive Thirring, Coleman (1975)

Bosonization. Many giants, 70s to 80s

1. Introduction



2. Bosonization I: exact bosonization from T-L model

Arouca, Cappelli and Hansson, SciPost (2022)  

Tomonaga-Luttinger model

infinitely filled states below EF

:  right mover  
:  left mover 

r = +
r = −

ϵ(k) = vF(rk − kF)

H0 = ∑
k,r,s

vF(rk − kF)ψ†
r,s(k)ψr,s(k) :  spin up;   

:  spin down
s = +
s = −

HI = g1,ss′ ∑
r

∑
k,p,q

ψ†
r,s(k)ψ†

−r,s′ 
(p)ψr,s′ 

(p + q)ψ−r,s(k − q)

+g2,ss′ ∑
r,q

ρr,s(q)ρ−r,s′ 
(−q) + g4,ss′ ∑

r,q

ρr,s(q)ρr,s′ 
(−q)

density operator:

ρr,s(q) = ∑
k

ψ†
r,s(k)ψr,s(k + q)



2. Bosonization I: exact bosonization from T-L model

g1 g2 g3 g4

back scattering Umklapp

q, Ωm~ ~ q, Ωm

k + q, ωn + Ωm

k, ωn

~ ~q, Ωm q, Ωm

k + q, ωn + Ωm

−k, − ωn

particle-hole: particle-particle:Why is 1D so special?

2D 1D

Sénéchal, (1999)  

∓T∑
n

∫
dk
2π

G−(∓ωn, ∓ k)G+(ωn + Ωm, k + q)

= − T∑
n

∫
dk
2π

1
(iωn + vFk)[iωn + iΩm − vF(k + q)]

∼ log
Λ

max(T, vFq, Ωm)
Zheleznyak, Yakovenko and Dzyaloshinskii (1997)  

German word for abrupt turn around



2. Bosonization I: exact bosonization from T-L model

• Particle-hole and particle-particle susceptibility contains the same log: typical in 1D 
• In  higher dimensions, usually only particle-particle bubble has log scaling, which is the Cooper 

logarithm relevant for weak coupling uniform superconductivity. 
• Exception, Fermi surface nesting which leads to particle-hole logarithm and hence C/SDW.

Furukawa, Rice and 
Salmhofer (1998)  

Nandkishore, Levitov and 
Chubukov (2012)  

Isobe, Yuan and Fu (2018)  Wu, Thomale and Raghu 
(2023)  

Application to 2D: FS nesting + Van Hove singularity  (+ sublattice interference effects)



2. Bosonization I: exact bosonization from T-L model

ρ+,s(q) = ∑
k>0

ψ†
+,s(k)ψ+,s(k + q)

ρ−,s(q) = ∑
k<0

ψ†
−,s(k)ψ−,s(k + q)

Alternatively,

ρr,s(q) = ∑
k

ψ†
r,s(k)ψr,s(k + q) ill-defined for ,  

because of infinitely filled states below Fermi level
q = 0

ρr,s(q) = ∑
k

ψ†
r,s(k)ψr,s(k + q) − δq,0⟨ψ†

r,s(k)ψr,s(k)⟩ Normal ordering: reference subtraction

Algebraic structure of the (spineless) density operator



2. Bosonization I: exact bosonization from T-L model

Algebraic structure of the (spineless) density operator

[ρ+(q), ρ+(−q)] = ∑
k,k′ >0

[ψ†
k ψk+q, ψ†

k′ 
ψk′ −q]

= ∑
k,k′ >0

(ψ†
k ψk′ −qδk+q,k′ 

− ψ†
k′ 
ψk+qδk,k′ −q)

= ∑
k>0

Θ(k + q)(ψ†
k ψk − ψ†

k+qψk+q) =
L
2π

q

[ρ−(q), ρ−(−q)] = −
L
2π

q

[ρ+(q), ρ+(−q′ )] = + δq,q′ 

L
2π

q

[ρ−(q), ρ−(−q′ )] = − δq,q′ 

L
2π

q

[ρ+(q), ρ−(−q′ )] = 0

[H0, ρ+(q)] = − vFqρ+(q)
[H0, ρ−(q)] = + vFqρ−(q)

H0 = vF ∑
k>0

k(ψ†
+(k)ψ+(k) − ψ†

−(k)ψ−(k))

H0 =
2πvF

L ∑
q>0

(ρ+(q)ρ+(−q) + ρ−(q)ρ−(−q))Free Hamiltonian is bilinear in density operators:



2. Bosonization I: exact bosonization from T-L model

Hamiltonian in the bosonized form (spin-charge separation)

H0 =
2πvF

L ∑
q>0,r,s

ρr,s(q)ρr,s(−q)

HI = ∑
q,r,s

[(g2∥,q − g1∥,q)δs,s′ 
+ g2⊥,qδs,−s′ 

]ρr,s(q)ρ−r,s′ 
(−q)

+∑
q,r,s

(g4∥,qδs,s′ 
+ g4⊥,qδs,−s′ 

)ρr,s(q)ρr,s′ 
(−q)

Hν = ∫
L/2

−L/2
dx [ πvνKν

2
(Πν(x))2 +

vν

2πKν
(∂xΦν(x))2] Spin and charge sectors have different 

velocities  and Luttinger parameters vν Kν

Hc = ∑
q,r

[(πvF + g4∥,q + g4⊥,q)ρc
r (q)ρc

r (−q)

+(g2∥,q − g1∥,q + g2⊥,q)ρc
r (q)ρc

−r(−q)]

Hs = ∑
q,r

[(πvF + g4∥,q − g4⊥,q)ρs
r(q)ρs

r(−q)

+(g2∥,q − g1∥,q − g2⊥,q)ρs
r(q)ρs

−r(−q)]

Charge

Spin

ρc
r =

ρr,+(q) + ρr,−(q)

2
ρs

r =
ρr,+(q) − ρr,−(q)

2

H0 + HI = Hc + Hs

Introducing:

∂xϕν(x)/π = ρν
+(x) + ρν

−(x), ν = c, s

Πν(x) = ρν
+(x) − ρν

−(x), [ϕν(x), Πν(y)] = iδ(x − y)



2. Bosonization I: exact bosonization from T-L model

Hν =
1
L ∑

k ( πvνKν

2
Πν(k)Πν(−k) +

vν

2πKν
k2ϕν(k)ϕν(−k))

γk =
1

2

|k |
πKν

ϕν(k) + i
πKν

|k |
Πν(k) γ†

k =
1

2

|k |
πKν

ϕν(−k) − i
πKν

|k |
Πν(−k)

ϕν(k) =
πKν

2 |k |
(γk + γ†

−k), Πν(k) = − i
|k |

2πKν
(γk − γ†

−k)

Hν = vν ∑
k

|k |γ†
k γk

In momentum space

Bogoliubov transformation:

Diagonalized Hamiltonian:



2. Bosonization I: exact bosonization from T-L model

H(x, p) =
p2

2m
+

1
2

kx2

[x, p] = iℏ

L(x, ·x) = p ·x − H(x, p) =
1
2

m ·x2 −
1
2

kx2

p = m ·x

From Hamiltonian to Lagrangian:

Hν = ∫
L/2

−L/2
dx [ πvνKν

2
(Πν(x))2 +

vν

2πKν
(∂xΦν(x))2]

[ϕν(x), Πν(y)] = iδ(x − y)

ℒ[ϕν] =
1

2πKν ( 1
vν

(∂τϕν)2 + vν(∂xϕν)2)
Free massless boson field (conformal field theory in 1+1 D):

S = ∫ d2x(∇ϕ)2



2. Bosonization I: exact bosonization from T-L model

What we’ve done so far is to express the theory in terms of boson field. A complete 
theory should also establish the relation between fermion and boson field.

ψr,s = lim
α→0

Ur,s

2πα
exp (−

i

2
[r(ϕc(x, τ) + sϕs(x, τ)) + (θc(x, τ) + sθs(x, τ))])

θν(x) = π∫
x
dx′ Πν(x′ ) Heidenreich, Seiler and Uhlenbrock, 1980

Haldane, 1981

Now we can discuss backscattering g1,⊥ ∑
r

ψ†
r,+ψ†

−r,−ψr,−ψ−r,+

∑
r

ψ†
r,+ψ†

−r,−ψr,−ψ−r,+ = e
i
2

(ϕc+ϕs+θc+θs)e
i
2

(−ϕc+ϕs+θc−θs)e
− i

2
(ϕc−ϕs+θc−θs)e

− i
2

(−ϕc−ϕs+θc+θs) + h.c.

= 2 cos( 8ϕs) Only  remains.ϕs(x, τ)



2. Bosonization I: exact bosonization from T-L model

S =
1

2πKs ∫ dxdτ ( 1
vs

(∂τϕs)2 + vs(∂xϕs)2) +
2g1,⊥

(2πα)2 ∫ dxdτ cos( 8ϕs)

=
1
2 ∫ d2x(∇ϕ)2 +

u
α2 ∫ d2x cos βϕ Sine-Gordon model

u =
g1,⊥

2π2vs

β = 8πKs

β2
8π

|u |

Ks > 1Ks < 1

Luttinger liquidLuther-Emery 
 liquid

Kosterlitz-Thouless RG:

Similar analysis applies for charge 
sector when  is included.g3



3. Bosonization II: Dzyaloshinskii-Larkin loop-cancellation theorem.

Introducing bosons via Hubbard-Stratonovich transformation:

ℒ(x, τ) = ψ̄(∂τ −
∂2

x

2m
− μ)ψ +

1
2 ∫x′ 

ψ̄(x)ψ̄(x′ )V(x − x′ )ψ(x′ )ψ(x)

ℒ(x, τ) = ψ̄(∂τ −
∂2

x

2m
− μ)ψ +

1
2 ∫x′ 

ϕ(x)V−1(x − x′ )ϕ(x′ ) − iϕ(x)ψ̄ψ

H.S. tranformation

Linearizing the dispersion 
Integrating out fermions

ℒ(x, τ) =
1
2 ∫x′ 

ϕ(x)V−1(x − x′ )ϕ(x′ ) + tr ln (∂τ − ivF∂x − iϕ 0
0 ∂τ + ivF∂x − iϕ)



3. Bosonization II: Dzyaloshinskii-Larkin loop-cancellation theorem.

tr ln (∂τ − ivF∂x − iϕ 0
0 ∂τ + ivF∂x − iϕ) = tr ln(∂τ − ivF∂x − iϕ) + tr ln(∂τ + ivF∂x − iϕ)

Loop expansion near the mean field solution: 

tr ln(∂τ − ivF∂x − iϕ) = tr ln(∂τ − ivF∂x) −
∞

∑
n=1

1
n

tr(G0
+iϕ)n G0

± = (∂τ ∓ ivF∂x)−1

+ + + + . . .

= 0 = 0 = 0
Dzyaloshinskii and Larkin (1973)  Exact when with fermion linear dispersion. Bosons are bilinear and free



3. Bosonization II: Dzyaloshinskii-Larkin loop-cancellation theorem.

Full Fermion Green’s functions:

I V Yurkevich, 2022 

G(x, τ) =
∫ 𝒟[ψ̄, ψ]𝒟[ϕ]ψ̄(x, τ)ψ(0)exp[−S[ψ̄, ψ, ϕ]]

∫ 𝒟[ψ̄, ψ]𝒟[ϕ]exp[−S[ψ̄, ψ, ϕ]]
S[ψ̄, ψ, ϕ] = ∫

1
2

ϕV−1ϕ + ψ̄[∂τ + ξ − iϕ]ψ

=
∫ 𝒟[ϕ]e− ∫ 1

2 ϕV−1ϕ ∫ 𝒟[ψ̄, ψ]ψ̄(x, τ)ψ(0)e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

∫ 𝒟[ϕ]e− ∫ 1
2 ϕV−1ϕ ∫ 𝒟[ψ̄, ψ]e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

∫ 𝒟[ψ̄, ψ]e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

= eTr ln[∂τ+ξ−iϕ]

=
∫ 𝒟[ϕ]e−S[ϕ] ∫ 𝒟[ψ̄, ψ]ψ̄(x, τ)ψ(0)e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

𝒟[ψ̄, ψ]e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

∫ 𝒟[ϕ]e−S[ϕ]

S[ϕ] = ∫
1
2

ϕV−1ϕ − Tr ln[∂τ + ξ − iϕ]

𝒢[x, τ, ϕ] =
∫ 𝒟[ψ̄, ψ]ψ̄(x, τ)ψ(0)e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

𝒟[ψ̄, ψ]e− ∫ ψ̄[∂τ+ξ−iϕ]ψ=
1
Z ∫ 𝒟[ϕ]e−S[ϕ]𝒢[x, τ, ϕ]

D K K Lee and Y Chen , 1988



3. Bosonization II: Dzyaloshinskii-Larkin loop-cancellation theorem.

If we know , then the fermion properties are determined by the boson field 𝒢[x, τ, ϕ] ϕ

𝒢[x, τ; x′ , τ′ , ϕ] =
∫ 𝒟[ψ̄, ψ]ψ̄(x, τ)ψ(x′ , τ′ )e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

𝒟[ψ̄, ψ]e− ∫ ψ̄[∂τ+ξ−iϕ]ψ

(∂τ − ivF∂x − iϕ(x, τ))𝒢+[x, τ; x′ , τ′ , ϕ] = δ(x − x′ )δ(τ − τ′ )

(∂τ + ivF∂x − iϕ(x, τ))𝒢−[x, τ; x′ , τ′ , ϕ] = δ(x − x′ )δ(τ − τ′ )

The solutions are written as the following ansatz

𝒢+[x, τ; x′ , τ′ , ϕ] = G0
+(x − x′ , τ − τ′ )eif(x,τ)−if(x′ ,τ′ ) 𝒢−[x, τ; x′ , τ′ , ϕ] = G0

−(x − x′ , τ − τ′ )eif*(x,τ)−if*(x′ ,τ′ )

Substituting back to the equations leads to 

(∂τ − ivF∂x)f(x, τ) = ϕ(x, τ)

G0
± = (∂τ ∓ ivF∂x)−1

Schwinger, 1962  



3. Bosonization II: Dzyaloshinskii-Larkin loop-cancellation theorem.

Bosonization of this procedure can be generalized to include interactions with retardation effect

Direct generalization to higher dimension



4. Bosonization III: Haldane’s phenomenological approach

Linear dispersion is only a good approximation in low energy limit. 
Nonlinearity is always present.

Non-linear dispersion  interacting bosons & the presence of higher 
order harmonics: , , … branches  

→
3kF 5kF



4. Bosonization III: Haldane’s phenomenological approach

δ[ f(x)] = ∑
x0

δ(x − x0)
| f′ (x) |

, f(x0) = 0

f(t) ↔ f̃(s) = ∫ dtei2πstf(t) :

∑
n∈ℤ

f(n) = ∑
m∈ℤ

f̃(m)

1 : δ-function

2 : Poisson summation

Two basic facts:

ρ(x) = ∑
n

∂xϕ(x)
π

δ[ϕ(x)/π − n]

xixi−1 xi+1 . . .. . .
ρ(x) = ∑

i

δ(x − xi)

nπ
(n − 1)π

(n + 1)π
ϕ(x)

δ[ϕ(x) − nπ] =
δ(x − xi)
∂xϕ(x)

f(t) = δ[t − ϕ(x)/π] ↔ f̃(s) = ei2sϕ(x)

ρ(x) =
∂xϕ(x)

π ∑
m∈ℤ

ei2mϕ(x) ϕ(x) = πρ0x + Φ(x)



4. Bosonization III: Haldane’s phenomenological approach
Since , each operator  can be understood as square root of ,  
accompanied by a phase factor . We have . 
Square root of a -function is still a -function.  

ρ(x) = Ψ†(x)Ψ(x) Ψ(x) ρ(x)
eiθ(x) [∂xϕ(x), θ(x′ )] = iπδ(x − x′ )

δ δ

ΨB(x) ∼ ∂xϕ(x)eiθ(x) ∑
m∈ℤ

ei2mϕ(x) ΨF(x) ∼ ∂xϕ(x)eiθ(x) ∑
m∈ℤ

ei(2m±1)ϕ(x)Bosons: Fermions:

• Haldane’s result shows all harmonics have the same weight, but in reality the 
  branches are the main contribution.±kF (m = 0)

kF

Λ1

Λ2

ϵk

k

a1 ∼ 1
Λ1

a2 ∼ 1
Λ2

xi
ρ(x)

(a) (b)

Instead of using -function, we can useδ

ρ(x) = ∑
i

1

πa
e− (x − xi)

2
a

We can obtain a weight factor  
For small , only  should be kept.

e−m2/Λ

Λ m = 0

Similarity to quantum oscillations (Lifshitz-Kosevich)



5. Spectral function from phenomenological bosonization

Phys. Rev. Lett. 127, 197003; arXiv:2210.09288; …

https://arxiv.org/abs/2210.09288


5. Spectral function from phenomenological bosonization

As nearest neighbor interaction becomes more attractive, holon-folding 
branch gets enhances, while  branch is washed out gradually.3kF

Is this true? If yes then why?



5. Spectral function from phenomenological bosonization

H = − t ∑
⟨ij⟩,σ

c†
iσcjσ + U∑

i

ni↑ni↓ + V∑
⟨ij⟩

ninj

We set  and .   is chosen to 
range from  to about  
Doping factor 

t = 1 U = 8t V
−2t 4t

x = 1 − N/L

x = 14 % , L = 100

Time-dependent variational principle 
calculation, excellent work done by 
Hao-Xin Wang

1D extended Hubbard model



5. Spectral function from phenomenological bosonization



5. Spectral function from phenomenological bosonization

The spectral function  can be calculated from the retarded Green’s functionA(k, ω)

GR
↑ (x, t) ≡ − iΘ (t) ⟨{ΨF↑(x, t), Ψ†

F↑ (0,0)}⟩ = ∑
m

GR
↑,(2m+1)kF

(x, t)

GR
↑,(2m+1)kF

(x, t) ∼ − Θ(t)eicmkFxRe ∏
ν=ρ,σ

1
[α + i(uνt − x)]cm/2 [ α2

(α + iuνt)2 + x2 ]
γν,m

γν,m =
1
8 (c2

mKν +
1
Kν

− 2cm) with cm = 2m + 1

• For system with  symmetry , thus only  affect the spectral properties SU(2) Ks = 1 γc,m



5. Spectral function from phenomenological bosonization

, need Fourier transform from A(k, ω) = −
1
π

ImGR(k, ω) GR(x, t)

As  changes from repulsion to 
attraction,  increases. 
As a result, 
  decreases  ->  hf gets enhanced        

 increases  ->   diminishes

V
Kρ

γc,0
γc,1 3kF

•   hf :    

• :   

A0(kF + q, ω) ∼ |ω + vcq |γc,0

3kF A1(3kF + q, ω) ∼ |ω − vcq |γc,1

A typical weight of the hf or  branch scales 
as , with  being a small derivation from 
the excitation center ( ), and a larger 
 yields a smaller weight. 

3kF
wγ w

ω = ± vcq
γ

γc,0
γc,1

γc,m

Kc

Kc
Bare

DMRG



6. Conclusion and outlook

Thank you!


