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outline

• 1. Brief introduction to surface critical behavior (SCB) and field 
theory description of SCB in classical O(N) models

• 2. Numerical exploration of SCB of 2+1 D quantum systems 
with SU(2) symmetry

• 3. Surface phase transition of 2+1 D AKLT model when bulk 
stays at critical point

• 4. Field theory description and renormalization group analysis 
of SCB of 2+1D quantum systems with O(2) symmetry
（collaborator: Prof Long Zhang）
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d>3 Classical O(N) model

Schematic phase diagram of the classical O(N) 
model with boundaries. 𝐾𝐾and 𝐾𝐾1 are the bulk and 
the surface coupling strengths, respectively.

𝐻𝐻 = −∑𝑖𝑖,𝑗𝑗 𝐾𝐾𝑖𝑖,𝑗𝑗 𝑠𝑠𝑖𝑖 � 𝑠𝑠𝑗𝑗
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Normal universality class

𝐻𝐻 = −∑𝑖𝑖,𝑗𝑗 𝐾𝐾𝑖𝑖,𝑗𝑗 𝑠𝑠𝑖𝑖 � 𝑠𝑠𝑗𝑗+ ∑𝑠𝑠𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 ℎ � 𝑠𝑠𝑗𝑗

ℎ = 0 ℎ ≠ 0

normal universality class =extraordinary universality class
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• The Lagrangian of bulk is:

• The Lagrangian of surface is

describe surface critical behavior of class O(N) model by field theory 
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3D O(N) model

• D=3,N=1: 3d classical Ising model, the phase diagram is the same.
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• D=3,N=2: 
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D=3,N>2:there is no spontaneous symmetry break at boundary(Mermin Wagner 
theorem), thus only ordinary class exist?( right for the large N case)
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study this model at its bulk critical point 𝑻𝑻 = 𝑻𝑻𝒄𝒄 and in the 𝑲𝑲𝟏𝟏/𝑲𝑲 ≫ 𝟏𝟏 region, 
when the surface has a strong tendency to local order.

The surface layer can be described by:

The system without the outermost surface: Sordinary
The coupling of the surface layer to the next layer:

The total action is:
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The RG equations of                         are

• The fixed point is g=0, which means the fluctuations of 𝑛𝑛 are 
frozen. The coupling 𝑆𝑆𝑛𝑛∅ acts as a boundary symmetry breaking 
field for the bulk O(N) model. This term is relevant at the ordinary 
boundary fixed point and makes the boundary flow to the normal 
fixed point.
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Near normal universality class

∆�∅𝑖𝑖= 𝑑𝑑 − 1, ∆�𝜎𝜎= 𝑑𝑑
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RG results

• N=2,𝛼𝛼 > 0
• Correlation function of surface can be got 

by solving the callan-symanzik equation:
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• 𝑁𝑁 → ∞,𝛼𝛼 < 0

• There should exist a critical vaule 𝑁𝑁𝑐𝑐, if 𝑁𝑁 < 𝑁𝑁𝑐𝑐,extra-ordinary-log 
class exists. 
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Near Nc

Sceanrio 1 Sceanrio 2Sceanrio 1  b>0 Sceanrio 2   b<0
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summary

𝑁𝑁 < 𝑁𝑁𝑐𝑐 𝑜𝑜𝑜𝑜 𝑁𝑁 < 𝑁𝑁𝑐𝑐𝑐 𝑁𝑁 > 𝑁𝑁𝑐𝑐 𝑜𝑜𝑜𝑜 𝑁𝑁 > 𝑁𝑁𝑐𝑐𝑐

Sceanrio 1 Sceanrio 2
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3D Classical O(N), N=2,3..Nc

2+1D quantum SU(2), U(1) ? 

Bulk:
3D O(N)

Bulk:
3D O(3) O(2)
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Quantum case (2+1D)
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Realize three types of surface critical behavior 
of 3D O(3) universality class with different 
surface configurations 

C. Ding, L. Zhang, and W. Guo, Phys. Rev. Lett. 120, 
235701 (2018).
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surface phase transition of 2D AKLT model with SU(2) symmetry
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Edge state
The 1d boundary of this AKLT state should be effectively described by an extended Heisenberg model

The boundary system is the 𝑆𝑆𝑆𝑆(2)1 CFT described by the following Hamiltonian in the infrared limit

The relation between the microscopic operator 𝑆𝑆 and the low energy field is

Because the lattice Hamiltonian has a lower symmetry than the infrared theory 𝐻𝐻0, another term is
allowed in the low energy Hamiltonian:
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Quantum critical modes couple to boundary fields

The boundary quantum critical modes 
couple to the fields at the boundary
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RG equation
There is no general reason for ∅,∅ to become 
critical simultaneously in the bulk. Hence let us 
ignore the ∅ field first, and consider the coupled 
RG equation for λ, 𝑔𝑔𝑛𝑛 only. The beta functions 
have an new unstable fixed point at
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Surface critical behavior of 2+1 D XXZ model
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The surface layer

The surface layer is described by XXZ chain

By bosonization method, the efficient theory of surface layer is

RG equations of XXZ chain are

26



Influence of bulk

The effective non-local dangling XXZ chain action can be written as

The quantum critical modes couple to the fields at surface

RG results:
1.ordinary
2.extraordinary(break z2 symmytry)

3.extraordinary(break O(2) symmytry)
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Easy-axis:strong interaction between bulk and surface along 
Z axis, and surface have long range order along Z axis

Easy-plane:strong interaction between bulk and surface in X-Y 
plane, and that surface have long range order in X-Y plane



The surface layer is described by ladder

By bosonization method, the efficient theory of ladder is
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Phase diagram of ladder

Ising AF phase:𝑔𝑔2 is more relevant and 𝑔𝑔3 is relevant
Singlet phase: 𝑔𝑔1 is more relevant and 𝑔𝑔3 is relevant
XY1 phase: 𝑔𝑔1 is more relevant and 𝑔𝑔3 is irrelevant
XY2 phase: 𝑔𝑔2 is more relevant and 𝑔𝑔3 is irrelevant

29



Influence of bulk

The effective non-local dangling ladder action can be written as

The quantum critical modes couple to the fields at surface

RG results:
1.ordinary(singlet): no coupling , disorder surface
2.extraordinary(break z2 symmetry)(Ising-AF,XY2):strong interaction between bulk and surface 
along Z axis, and surface have long range order along Z axis
3.extraordinary(break O(2) symmetry)(XY1):strong interaction between bulk and surface in X-Y 
plane, and argue that surface have long range order in X-Y plane
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Thanks！
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