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Theme: towards building interesting phases and
transitions in strongly correlated systems...

Outline

* Entanglement of the OD SYK model
* Entanglement dynamics of 1D SYK chain (interesting phases; boring transition)

* Entanglement dynamics of another 1D SYK chain (/nteresting phases and

transitions; with connection to measurement induced phase transitions)



Sachdev-Ye-Kitaev: the model

N
Hy—o = Z 1 i i;
ij—1
Hy—y = Z ik i
1<i<j<k<I<N

 Strongly coupled (all-to-all), yet exact solvable at large N
e g=2.

* Free fermion model

* (Single particle) random matrix theory

e g=4.
* Non-Fermi liquid without quasiparticles
* Non-zero extensive entropy at zero temperature
* Maximally chaotic

g-body interaction
1) : majorana fermions
Ji gaussian random variable
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We will be focus on entanglement properties of SYK. Why?

Entanglement characterizes quantum correlation — natural to look at in SYK.
All-to-all coupling. = Maximal entanglement?

“Almost!”
Maximally chaotic. = Maximal entanglement?

Entanglement = information. How can we use SYK for information purposes?

A chain of SYK.
Properly designed coupling and measurement, can store/release information.

Dynamics: phase diagram and transition.,



Entanglement entropy (EE)
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Renyi EE: S§ = 1, m Trapy

von Neumann EE: Sa=-Tra(palnpys)

pa=Trpp
1
— _ePH
p=e
7 = Tre BH

Basic characterization:
EE vs 1

A= |A|/N

Area law

Volume law



Large-N calculation for SYK (g = 4)

Partition function = Jijki
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Large N saddle point action

S.2, G] =

1
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G(r,7) sz ()

“a quantum mechanical problem’




Calculating EE in SYK

1 — — 1
1_n(ann—nan) S
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Zhang, CL, Chen, Scipost (2020)



EE of SYK4: various results
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CL, Xiao, Balents, PRB (2018)

— Analytical (von Neumann)
Huang, Gu, PRD (2019)
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A Thermal 2"¢Renyi, Saddle point

o SA(Z) 2nd Renyi, Saddle point
with BJ = 50

Zhang, CL, Chen, Scipost (2020) 10




EE of free fermion o —UAUT U7

Hgyko = Z iJijxix; = ¢ He ;
1<i<j<N Cij = (c;cj) C

Free fermion EE can be calculated from two-point correlation function:
m
Sa=— Z eilne; + (1 —¢&;)In(1 — &) (sum of Binomial entropy)
i=1

Where <: are eigenvalue of the truncated correlation matrix C,:

|

Vidal, Latorre, Rico, Kitaev, PRL 2003
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EE of SYK2 and RMT

- H belongs to gaussian unitary ensemble.

« U belongs to the “"Haar ensemble”.

* C, belongs to the B-Jacobi ensemble!

1 /Or 2@ A,
2T z(1l — x) A=s2+]

fn,A(x) =

S4/N = / (~2Inz — (1 - 2) In(1 - 2)) f(z)da

-~

h(z): binomial entropy

Eigenvalue density f(x) of C, :
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EE of SYK: final results
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Half-system EE:

Maximal entropy of a many-body eigenstate!

N 1
SPage = E In2 — 5 ~ 0.347TN
N 1 1
Sy, & — [ In2 — - in” —— ) ~ 0.338N
SYK4 9 (Il 3 arcsin 2\/§>
N

Maximal entropy of a free-fermion eigenstate!

Gu, Huang, PRD (2019)
CL, Chen, Balents, PRB (2018) 13



Food for thought...

* We have at hand a strongly interacting model that is large-/V solvable.

* This allows us to compute entanglement entropy.
* Nice result along the way: RMT and free fermion entanglement.

* Volume law reflects high entanglement (but in a O+1D system...)

Q: Can we study entanglement in a more “realistic” SYK-type system?

“Realistic” = Spatial structure + phases and phase transitions



SYK dynamics

* Bvolution of a quantum state under SYK like Hamiltonian #

[$(t)) = e[t = 0))

where H may consist of a Hermitian and ant/-Hermitian part.
* Study the entanglement structure of the state |¢(t)> .

* Phases (volume law or area law) and phase transitions (1stor 2" order)



SYK (4,2)-chain: Hamiltonian dynamics

Time evolution  [¥(%)) = AT e *"*|{0}) o
(2) Z(t) = ({0} "t~ |{0})

under H = JZH;Yﬁl VY He
™~

Anti-hermitian

_ SYK2 SYK4
1V H o 21
o0 A ®9 ® 9
® 0 o .0 — —000—00 — 0 @
® ®

CL, Zhang, Chen, Scipost (2021) 16



Steady state phase diagram v ;

iH H, 4
Phase diagram determined by the A
2" Renyi entropy at late times: — o0, —es, — 8¢ m

Volume law phase Area law phase

. >
0.39
1st order transition

CL, Zhang, Chen, Scipost (2021)
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Phases: volume law vs area law

lteration of Green's function

Glr,7) = = ST i)

/

Replica non-diagonal
(or replica symmetry breaking)
or replica wormwhole

Replica diagonal
(replica symmetric)

Volume law phase

- .
0.39
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Food for thought...

* Using SYK, we have constructed a 1D strongly correlated model that is still large
N solvable.

* Entanglement now has good meaning (spatial quantum correlation), and can be
used to distinguish phases (volume law and area law).

* But 15t order transition (an artifact of large NV) is not natural.

Q: An SYK-type system with 24 order phase transition?



Digression: measurement induced phase transition

4 ¢ ¢ ¢ ¢ ¢ Sa
; | | . | ]
|+ +| |+ +| I 4 p <pc, Sa=a(p) In|A| + s(p) |A|
¢ ¢ ¢ ¢
| | | . ]
|+ +| |+ +] I p = pe, Sa= a(pe) In|A|
| | | . ]
| | | | | |
p > pec, Sa=c(p) |A[]°
 Random unitary gate > |A]
[ [¥) = Uly)
« Random measurement Volume Law phase . Area Ia’w phase
P;|y) p<p p p>p
¢ . |¢> _> C C C
P[]

Li, Chen, Fisher, PRB (2018), Skinner, Ruhman, Nahum, PRX (2019), Chan, Nandkishore et al.,

PRB (2019), Choi, Bao et al., PRL (2020), Gullans, Huse, PRX (2020), Jian, You et al., PRB
(2020), Bao, Choi, Altman, Ann. of Phys (2021) and many others...
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SYK chain dynamics L]

p(t +t;p) = K, U p(t) UT K,

u J
,3_: ..............
» Unitary part: A8 {85183
J
| "‘:::t'! ...............
[J — e—z5t(HL+HR) Hp 88": 88 88

Onsite SYK4 + hopping SYK2
* Measurement (continuous monitoring)

Kt € {(1—p)I,pM™", pM;'y pl.ow| | w=sva

T,1 T, __ — 9 _+ +
ap myty = {as VT = 2l el

S H

; = Parity of the Majorana twins in L/R chains
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Large-N phase diagram
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* Noninteracting case (U = 0): breaking of symmetry: O(2) x O(2)

* Interacting case (U > 0): breaking of symmetry: Z,

* Red line: 2" order (solid) vs 15t order phase transition (dotted)

Jian, CL, Chen, Swingle, Zhang, PRL (2021)
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Enlarged symmetry in replica space (2" Renyi)

U, L
. o H, gga' 88 .............. 88
p(t +0t) ® p(t + 6t) = (KL Up(t)U'K)}) @ (K, Up(t)U'K))) J.:%,UR d _____ e J e R1-forward
Hp o< 09 o9
L 1
Full symmetry = symmetry of one copy x " gg’u e i = ¢
permutation symmetry for the four copies J_:&,UR pj _____ . J e Ri-backward-
Hp o< oS o9
, . a' UL ...... ]L
In the non-interacting case (U = 0): full Hy -(eg){(ag) {88
symmetry is Hy 510’” ég‘ """ A gg T Reforvard
O(2) x0O(2), v P1
\ , Oég L P o ]L'O
.e. rotation of the forward contours and Hy -{ag){eg) (e
. . J,_.,UR d JJ * R2-backward-
rotation of the replica 1 contours Hy oo (G (SO 120

Zhang, Jian, CL, Chen, Quantum (2021)
Jian, CL, Chen, Swingle, Zhang, PRL (2021)
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Time contour
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Field theory for the 2"9 Renyi entropy

u/jt
1 : This explains the parentheses.
i Volume-Law : Area-Law
2 (Sym-Broken) (Symmetric) ,
But what is the physical
Critical Phase meaning of volume-law/area-
(Goldstone) at U = 0 law?
. >
0 1 u/]

¢1 _ 5GR1-f;R1-b + 5GR2—f;R2—b
¢2 _ 5GR1—f;R2—b + 5GR2—b;R1—f

L. 1wy - ,
< [t (505 + 1@ + MG + X (61 +09))

1 V2 s 2U @* theory!
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Stat. mech. Picture of 2" Renyi entropy

00 PPPPO66

1 Tra ((T " . : t="1T
o TEA((T120)") =2
1—n (Trp)™

S =

: ¢
COOPPPPEOOE
B A B

* Renyi EE = Free energy of the ¢* field theory with
a particular boundary conditions (set by the

R1-f RI1-f

definition of Renyi EE). RID ( RID )

* In a symmetry broken phase, free energy = domain << z{ >> ( R2f )
- 2-b

wall energy (discrete symmetry) or vortex energy

(continuous symmetry). @ @

* Domain wall energy gives volume law; vortex 61 =0,¢2 >0 $1 > 0,02 =0
energy gives logarithmic law. Symmetric phase is |
gapped, giving area law. Twisted BC Untwisted BC

(subsystem A in Numerator) (Subsystem B.in num%ator;
Zhang, JHEP (2020) denominator)



More details about the volume law phase

t=T
* Early and late time scaling (capillary wave theory) :
(%(NoT + log T/2). T < L4 Li, Fisher, PRB (2021) .
(2) A A A
Sy’ =4 : T < La
\2(NoLa +3/2log L), T>Ln [ (=T
subleading log term due to transverse fluctuations.
| | | - A ........ - t=0
* Line tension expression: T La

N

o~ (JU)

T\ I
= 2.5} °
(M _ 2U) i?\‘\; 20t ™ v=1.5

* Critical exponent confirmed numerically

N Y
O =
g O O

Si2

o 2 N @ &
s
\\
\

-2 -1 0 1 2
sgn(i—lA-f'L I’




Contformal behavior at the critical point

e Mutual information as a function of cross ratio:

Las(n) = 555 59—

Theory prediction: 4 = 1

OC’I7A

U=0
0.35} i ) )
0.30f o< )71-1
0.25F
aq 0.20f
~ 015}
0.10f
0.05F
0.00f; s s " s "
0.0 0.1 0.2 0.3 0.4 0.5
n

Noninteracting case

Lyp

Theory prediction: 4 = 2

0.12}
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U>0

oc n2.1
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0.3

n

0.4

Interacting case

0.5

L4

I T3

L2

_sin Flxy — @afsin Tlzs — 24

sin Ty — z4lsin T|zo — z3)

Compared with

Aciifford = 2.16 4 0.03

Afaar = 1.89 4 0.26.

Li, Chen, Fisher, PRB (2019)
Shi, Dai, Lu, arXiv 2012.00040
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Summary

Large N solution of SYK as a OD strongly correlated model
Maximal free fermion eigenstate entanglement and RMT
Ways to generalize to 1d SYK chain with interesting phases, while maintaining large N solvability

Stat. mech. interpretation: EE = free energy with twisted boundary conditions; volume law phase

= symmetry breaking phase
EE in the volume law phase understood as domain wall energy
EE in the critical phase understood as vortex energy

A large N model for measurement induced phase transition

29



Outlook

* Finite N effects? (Relevant perturbation to phase

transition?)
 Quenched/annealed disorder?

* Free fermion case: connecting the saddle point

formalism with RMT? A .

* How to get to von Neumann entropy (n-->1)7

30



31



